Precalculus — Lesson Notes: 9.5-9.7 Binomial Theorem, Combinatorics, Probability
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The Binomial Theorem: -

(x4+y) = Cx"+ Cx'y+ Cx"y 4.4 Cx™ Y 4.4 Cp"
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where C.=—'" _  orarow from Pascal's triangle
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| A. Use the binomial theorem to expand the expression (236 -
c['z,_.g)\a{j> t, iﬁ f’ix;) >+ G (fz,x) (/j) +, Q /2@(3)34" C (/25} (;/j}
J (X + {Wﬁw + ¢ i )@9 "y (=3)(- ~D Uf:ﬁ)

}ffé)}( ‘BZXB ’f“zv?é(ﬁ wgy‘}(j

B. Expand (41 — 1} w | s
- C (‘i@f»;} L {gf);f g} ,;,) {zﬁi%} {vaj g £ {%f“}zﬂ} 3+ f {W)*(M{) ﬂéﬁﬁﬁ@ {%ﬁ) {:}
T{w;‘“fﬁ}%}%g’”{ 256X -0 + 1o 40Xy + P (D + { wég PENIED

————

{ fﬂgyx‘f’wlzgﬂxv +é%‘¥3“/éﬁ}¢gﬁ4ﬂz@}gwg 5

C. I?md the coefficient ofl igf in thc e,\éausion of (41 - Sy) 15.
! Voo

w(f
fr¢@ (W m%> 1Y 3@"” _:5155
(16772 X3 =125y?)

@W

D. F"d“&; efficient of '3/ in the expansi ~372 1 94y
ind the coefficient o 1 e:sixpanmonof (31 +2y)

JO
2% 9% L (/_j% {z»j"‘\}

s 2‘“ )
21 {wz»ara\»mi‘%{f@ﬁ)




—

9.6 Counting problems (Combinatorics)
Simple counting problems

List all possibilities AN AN N e SN o e~
A computer generates integers randomly between 1 and 12. ’1@ 3'((%) s &/ FAL) 1,021 'e)
In how many ways can the number be an even integer? ... _ '

{ © Wiy

Pairings - tree diagram
At a snack bar a combo meal consists of: a main item of pizza (P) or a burger (B),

a side item of chips (C) or fries (F), and a drink which is regular (R) or diet (D).
How many different combo meals can you get?
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Fundamental Counting Principle (/r’]us.”\' plicectian principle)
"Let E; and E; be two events. The first event E; can occur in my different ways.
After E; has occurred, E, can occur in m, different ways.
The number of ways that the two events can occur is: m;m,."

Practice: Students must select 1 of 2 math courses, 1 of 3 science courses,
and 1 of 5 social studies courses. How manyrdiﬂerent class groupings are possible?
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Example: 8 pieces of paper on which are written the numbers 1 through 8 are put in a box.
One piece of paper is drawn out and the number recorded. The paper is replaced in the box.
Another piece of paper is drawn out and recorded, replaced and a paper is drawn out and
recorded a third time, forming a 3 digit number.

How many different 3 digit numbers are possible?

5.58.3 5

Example: Same as above, except that once drawn out,
a piece of paper is not replaced in the box.
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many different 7-digit telephone numbers are possible if the 1st dlgat cannot be a zero or ao ;\
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8 horses run in a race. In how many different ways can these horses Soptthiny
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100 students are in 8th grade at a school. In how many ways can a student body presndent.

vice president, and secretary be chosen from these 100 students? {1 \
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Permutation - A permutation of n different elements is an ordering of elements with
one element first, another second, etc. ORDER MATTERS.

Can compute permutations using 'boxes' (as above) or using the permutation formula:

Number of permutations of n elements taken r at a time is:
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Horses example: Select 3 horses from 8.} order matters.
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What if some elements are identical?

Example: In how many distinguishable ways can the letters BANPLNA be written?

outoF A (15'“5”1 Seleet all 5,4—3‘/\1#‘%7;\1_74_2' Af A‘? ’/_??
,{5, /of}(l(-fﬁ “’%’"n‘& é’ —A(f{l;?lql;;-
' & ¢/ __\__‘?_"; bo Ay 4, 4
& (a =4 ' ol T AR AN A 2,4,
Number of distinguishable permutations of n objects is: Yor TaRar
/‘-"l {d, I“J"’{‘
n! - |
o = 2>
i DR |

lentenle...on!
/h‘? B e bem Lo

muscllref )




" What if order does not matter?

Example: 100 students are in 8th grade in a school.
In how many ways can 3 students be chosen to form a student council?
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Conmbination - A combintation is a subset of n elements taken r at a time,
where ORDER DOESN'T MATTER.

Number of combinations of n elements taken r at a timg'is:
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Example: 100 students are in 8th grade in a school. In how many ways can
3 studenls be chosen to form a student council?
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. An how many ways can 3 letters be chosen from the
A, B, C, D, E if order of the letters does not matter?
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A shipment of 25 television sets contains 3 defective units. /N
In how many ways can a vending company purchase 4 of these units and receive 3 Jad "-z@-aml

(a) all good units, Choasirs
{(b) 2 good units,
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in how many ways can 5 girls and 3 boys walk through a doorway single file?
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What if girls must enter before boys?
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Be couptes have reserved seats in one row at a concert. In how many ways can they be seated?
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What if couples wish to sit together?
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5 cards are selected from an ordinary deck of 52 playing cards.
In how many ways can you get a full house?
(3 of a kind and two of another, e.g. 8-8-8-5-5).
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9.7 day 1 Probability
If you roll a 6-sided, fair die, what is the probability that you will roll a 47
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Terms:

Any happening whose result is uncertain is called an experiment.
Possible results of the experiment are outcomes.

The set of all possible outcomes is called the sample space.

Any subcollection of a sample space is called an event.

Probability of an Event

p ( E) _E (E) _ number of desired outcomes
n(S)  rotal number of outcomes

Probability is a number between 0 and 1 (usually expressed as a fraction or decimal):
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Probability of the complement of an Event (Probability of an event not occurring):
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If two coins are tossed, what is the probability that both land heads up?
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If a card is drawn from a standard deck of cards, what is the probability that it is an ace?
\ o : ,
) W S N
[ (ﬂ Ce ) 5 ‘}/L—i——’



/wo 6-sided dice are tossed. What is the probability that the total of the two dice is 77
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winning numbers (order does not matter), the player wins. What is the probability of winning if a single
ticket is purchased?

dod ! ’voﬁbn\ua amber Emcé :

In a state lottery, a player chooses 6 different numbers from 1 to 40. If these 6 numbers match the 6
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Independent Events — Two events are independent if the occurrence of one has no effect on the
occurrence of the other.
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Probability of both independent events occurring:  P(A4 and B) P(A)+ P(B)

Example: If two 4-color spinners below are spun, what is the probability that the both spinners will land

on red?
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30 years or older?

Example: In 1997, 58% of the populatlon of the U.S. were 30 years old or older. Suppose thatin a
survey, ten people were chosen at random from the population. What is the probability that all ten were
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9.7 day 2 Probability
Probability of both independent events occurring: P(A and B) = P(A) . P(B)

Example: If two 4-color spinners below are spun,
what is the probability that the both spinners will land on red?
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Mutually Exclusive Events
Two events from the same sample space, A and B, are mutually exclusive if they have no outcomes in

common.

Probability of either of mutually exclusive events occurring: P( Aor B) - P( A)+ P( B)

Example: The personnel department of a company has compiled data on employee's
number of years of service, shown in the table. In an employee is chosen at random,
what is the probability that the employee has 9 or fewer years of service?
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Probability of a Union

Example: One card is selected from a standard deck. What is
the probability that the card is either a club or a face card?

There are 13 clubs, and there are 3 face cards in each suit (12
face cards in all), but some cards are both clubs and face cards,
To solve, use a Venn diagram:

Probability ? a Union with overlap: :
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P(A or B)= (A)+ P(B)-P(Aand B)
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Probability of two independent
events both occurring (‘and'): P(A and B) — P(A) ° P(B)

Probability of eit.her of fwo P(A oF B) — P(A)+ P(B)

mutually exclusive events
occurring (‘or', no overlap):

Probability of either of two events p(A or B) P(A)+ P(B)—- P(A and B)

occurring (‘or', with overlap):




Example: A bag contains: 1 green marble, 2 yellow marbles and 3 red marbles.

If three marbles are drawn from the bag one-at-a-time (without replacement) what is the
probability that at least 1 red marble is drawn?
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Example: One hundred people were asked which video streaming service they
preferred. The results are shown in the table:
Iﬁétﬂix Hulu No opinion |Total
Women ﬁ 13 12 42
Men 28 12 18 58
Total lts /s 30 100"
a) What is the probability that a random person selected is male and preferred Hulu? _'_é-
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b) What is the probability that a random person selected is female, given they
preferred Netflix?
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Example: A shipment of 50 peaches contains 8 rotten peaches. If you randomly pick 12

peaches from the shipment what is the probability that exactly 6 of them will be rotten? (s0 2 aregoocf
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_.j‘j".ExampIe If & cards are drawn from a standard deck of 562 playing cards,
. whatis the E;fobablilty that the 5 cards make a full house?
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Example: A committee of 3 is to be selected at random from a group of 4 boys and 5 girls. What
is the probability that the committee selected will consist entirely of boys?
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Example: A bag contains: 4 red, 2 yeliow and 3 blue marbles. A marble is taken out and its color
recorded, then, without replacement, another marble is taken out and its color recorded. What is

the probability that at least 1 blue marble was drawn out of the bag?
sttt
o ffa"h e U Yo ‘%} AL

Wl do got gy blee | . T
Qe R AR YT o PlHlost 189 = [ = 3 W@
& L
f‘i S A ) '?#@‘g 20,563
5 R S532)
>z +§z NETERET AT A2 (

Example: A shipment of 20 CD players contains 4 defective units. A retail outlet has ordered 5 of
these units, and will receive 5 at random from the shipment. What is the probability that:

(a) exactly 4 units are good?

(b) at least one unit is good?
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