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Precalculus — Lesson Notes: Chapter 9.1-9.3 Combinatorics
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9.1 — Sequences and Series \ J e 57 e

Sequence - a list of numbers in a specific order:. 1.3, 5, 7, < [ S

; Q. @, ¢ y, =

Sequences are like functions where 'n' is the input and the term is the output:

Infinite sequence: infinite number of terms (goes on forever) (,2 s 3,9 ,, . & ceahauss
Finite sequence: finite number of terms (only n terms) 3,5 F & a,:.a.j Y 4ermJ
Some sequences have a 'rule' or 'expression’ or 'formula’ for ﬂndlng a term given n;: 5
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Some sequences have a rule for finding a term from previous terms (instead of from n)
These are called recursive sequences:
‘Example: The Fibonacci sequence... 1, 1, 2, 3, 5, 8,

What is the rule? eacfy Jesm 1§ sam of Zprea2a) 4€/m

Ghis do) = lprecims €+ e 2ee)
a,=1 Gy = GQp-| + Ge-
Qa7
Factorials For positive mtegern n'=n-(n-1)...-3-2-1 special case: 0!=1
Examples: 4!= ‘13.z.) =24 6l= 65 Y2120 = F2o
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Simplifying factorials: 2'8—
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Finding terms of a sequence =s(¥)-2 =2 = o /

Given a formula for nth term — just plug inn: ~ , _ /% 2)-L= B { 3, i3,18,23,

Example: Write the first 5 terms if g, =5n-2 Un (\ 2 = ;,, ——
ay =S(D-T; 13

s )-L * Lo

Given a rule for recursive sequence, write starting term(s), use rule to find next terms:
Example: Write the first 5 terms of recursive sequence: ¢, =5, a,,, =3(g, +2)
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Finding a formula, given the sequence

Sometimes easy to see...can help writing a line of 'n' above matching terms:
Examples: Write an expression for the most apparent nth term of the sequence:
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Sometimes difficult to see a pattern, so we look for matches in a table of patterns:

More examples:
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Serles = the  sum of the terms in a sequence.

Summation (Sigma) Notation
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Sequence: 1, 3, 5, 7

Series:

I
a+a,+a,+atta o ta, =Y a,

i=1

1+3+5+7=16

i = 'index of summation'

n = 'upper limit of summation'

)
2.4
i=1

1 = 'lower limit of summatlon
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Examples: Find > 4i— | 4T 49 w12 403 ;:‘ 4|
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2) Fque owt what-n 1
Use Sigma notation to write the sum: 1+— +1+l Jri (D ﬁﬂ‘ "t ,
\ 2 4 8 128 -ty r &S e
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n=1 2, 3 4, 35 6,..

n =1 4, 9, 16, 25 36,..

(n+1)" =4, 9, 16, 25 36, 49,..

i

0, 1, 4, 9, 16, 25,..

(n-1)

no=1 8 27, 64, 125, 2I6,...

(n+1) =8, 27, 64, 125, 216, 343,..

2n=2, 4, 6, 8 10, 12,..
2" =2, 4, 8 16, 32, 64,..

2"t =1, 2, 4, 8 16, 32,..

27 =4, 8, 16, 32, 64, 128,..

3n =3, 6, 9, 12, 15, 18,...

3" =3, 9, 27, 81, 243, 729,..

3n~1 —

3 n+l

n! =1,

(n—l)!

(n+1)!

1,

3, 9, 27, 81, 243,..

9, 27, 81, 243, 729, 2187,..

2, 6, 24, 120, 720,..

il

I, 1, 2, 6, 24, 120,..

2, 6, 24, 120, 720, 5040,...
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FAIgSE, 9.2 Notes — Arithmetic Sequences and Partial Sums

Consider this sequence:

2 4
Vil 1, 4, 7, 10, 13, 16, ...
\ J\‘.a -,37 \ﬁ_.J) W
-4"7 +3 + 3 + 5

‘L—-—le = Commian | ’:r'fh- N e

This is an arithmetic sequence. A sequence is arithmetic if the differences between
consecutive terms is a constant, which is called the common difference.

Examples: Determine if the sequences are arithmetic and find the common differences.

#1. 12, -8, -4, 0, 4,.... #2. 9,6, 3, 0, -3, ...
—_— N - 7 D LD P =P
e i 3 -3 -3
A=\ A=

#3. Find the first 5 terms and determine if the sequence is arithmetic: a, = (2");1

a=(z)1=2
=2)i=2 3y

/%) -8 W ot arithmeh ¢
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A= (z)4=¢Y
4 - (") 5= 4o

Formulas for nth term of arithmetic sequences: Three formulas...

1) aq, —a]+(n 1)d ,
A _—~ ny so q, =4, whea a=|

2) a,=dn+c, wherec=a,—d cisthe 'zeroth'term (textbook's formula)
a, =4, +(n -)d
:.,;35'1'» Opr’i - d
=dn + (a,~of
=a,+d (recurswe formula)

)é/ ‘?‘z’fv“’ff? ‘ lr’ﬂﬂ
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Example: Find a formula for the nth term of the arithmetic sequence whose common difference
is 3 and whose first term is 2.

A =3 An= #(hﬂ)&‘l
4,=% }ﬁ* (n3
s

o Z+ 3#1—31

lq” > j“i +3n |




Example: The 4th term of an arithmetic sequence is 20, and the 13th term is 65. Find a formula

for the nth term. 4"»« ‘fr q q?” Ay 94 A5 4, ,:;]? 45 .

ArpdA = A, =bF ~av il o = ol

atldA g . 2 s e S

s (%;i/ -FTS‘ #!»‘Cﬂ[ﬁf{ﬂt.g qp{ ‘/['{T’ an“.; Q| A4 (” "‘I')C-“‘

=03-0)d =qd d=y¥ 202+ (4-1)S , a =54 Sn-T
2‘»’9 4, -Ff& -5 = ‘qn = S’n
Example: Find the 7th term of the arithmetic sequence whose first two terms are 2“ana 9.
alfafiz =7 Ap= oy +ln-Nd a, = z+(3-0%
- & (f!,;;'z-lr(m*f):?' Oy=2+67

wu*fz—{/__)

Example: The first two terms are given find the missing term. a,=3, a,=9, a,=?
d.’ZQ"} = 2 - Vi
4y = 2 4 (a-0 7
Ap2 24(n-1)b 2q = ;4 g6 =51

Practice: Find formulas for the arithmetic sequences:

ql
#1. a,~15 d=4 #2. -6,-2, 2,6
= ] --—"7 -7
= a, +(n-1)4 o v =l
z,\f 7 (LI
=17 4 4n = A, =€+ 9=
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#3. ay=28 a,=G& _ L_:___-__._w. '
:..3 ?"1 é ¥y Qn:q‘, ,+ (M-,l\)/'—?) :
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~a4z3d d=-32 f4=a —6 : - e
o = {o2 O‘,q:'f'a"*gn J-,} = /Ii;’:&J
Sum of a finite arithmetic series (partial sum of an infinite arithmetic series)
S=1+3+5+7+9+11 = 3L
S_F”{w‘iL?-\iTJ‘;L;
26 =122 2 +l2 iz &
25 = 6('7

SLL()=% n(a, +a.)




q="+ 4, = 4 oo

Example: Find the partial sum: —6\_#2_’2w§ ... n=50 a,: wil +,(H_Y,)~-/
o _d""

Agp =6 w(so-D1= 1

Try these: .
#4. What is the sum of integers from 1 to 100.
QA S .5 %(l #102) = E'OS"
q[m =(oe
5n>£cql"q'?
100 @ §-3 _ S 9 Ja -2
#5. Find the sum: 28 22 A= 16 " e S = %‘(f “L:J'f) %ﬂi =
1D -7 - =29% 22 le
4= "76 ~ T K

Example: An auditorium has 40 rows of seats. There are 20 seats in the 1st row, 21 in the 2nd,
22 in the 3rd, etc. How many total seats are there?

- . A, =4, + [/’I *bd
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Example: Consider a job offer with a starting salary of $36,800 and an annual raise of $1,750.
' a) Determine the salary during the 6th year of employment. '
‘ b) Determine the total compensation from the company through 6 full years of employment.

&
e ﬂ) Ay =4, + (n1)d
| Q,, = 36902 +{n=1) [F50
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9.3 — Geometric Sequences and Series
Consider this sequence:

2, 4, 8, 16, 32, (
> P ~> 2 o 2 ek
KL X1 X2 ¥ Z e~ (=1t Common @

2 3 4
ds aFs; G alr, i o

This is a geometric sequence. A sequence is geometric if the ratios of consecutive terms is a
constant, which is called the common ratio. Cr)

Examples: Determine if the sequences are geometric and find the common ratio.

#1. 12, 36, 108, 324, ...
> - >

#2. 1, 4, 9, 16, ..
- —p : 78
x ; —
Formula for nth term of geometric sequences: { a:;c?“;&
Fﬂp__"_‘______,_____k
Example: Write the 1st 5 terms of the geometric sequence whose 1st term is 3 with common
ratio of 2. 82 3(7) BC‘L) =3 =32 s ; wg
0’\‘ =3 R Bl %t B
i A =3(f s> 32 L A
3] 3 >,
R A;-3 "=3() =34 = 1T
Ap = ﬁ(&) 3=3(2) ()

Ay =. 3(2,)""’- 3(2) =3.9 = 2
ay = 3(2) "= 3(z) 22002 18

Example: Find the 15th term of the geometric sequence whose 1st term is 20 and whose
common ratio is 1.05.

4,z Q, = Zp(l m)w"f
= los A, =20 (1. ax)
= Zo(ﬁnﬁ’)

B!

(395 ‘iae.

Example: a, =125, g, = 1_6242 Find the 14th term (assume terms of sequence are positive)
-\ \ '! 7§ *
A, =9,(r) a, _ar (% ' h_,@\ G
1 = <= 37
q {f')q = =3 e A * ('1) {) - ]Qﬂb( ) I~
! e £ ar Y .k ( }
9= =~ TR /t\ ared 4,= looo 72
ag=a/lr) b= 3197 : O\ "(0"'37_9 {
a (Y =15 b 1y L N BT
' = (v = lé W 2z — (= 125
gk \ Qy=12% 0%
&= 7. (ihjf’\‘é ‘ tf\ 4-\_ Y B
_—_ q\('ﬁ) =l )
4 = 125 - 5.8 “|o==
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Sum of a finite geometric sequence S, = a{ 1_, )

Example: Find the sum: 24(0 3 = Ll 45k
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Sum of an infinite geometric sequence

iwmes
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For a,=ar" | converges if If‘l <1  if geometric series converges, it converges to:
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Find the sum: ZS(—E] SRS
i=1 y

Use summation notation to express the sum: 7+1£t;28+....+896
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g =2
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2t=2"
9 a1
v =73
4 8 16
Find the sum of the infinite geometric series: 2——+—~—==
=379 27
.z _
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S=— <% E:F%}M 2 75 7 ¥ “:;“;“%f__g

#91 (homework) A company buys a machine for $155,000 and it depreciates at a rate of 30%
per year (at the end of each year, the value is 70% of what it was at the start of the year). Find

the depreciated value of the machine after 5 full years.
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