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Precalculus — Lesson Notes: Chapter S Analytical Trigonometry

5.1 day 1: Using Trigonometric Identities

Egquation vs. ldentity

~ An equation is true only for
{>;+_some values of the variable:

**Start Memorizing These...

Reciprocal identities:
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smx =-—- CoOsSx=———
CsCX SeCXx
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C8CX =— SEeC X =
s5mx COsS X

Pythagorean identities:

sinx+coslx=1
sinx=1-cos” x

cos’ x=]—sin’x

Cofunction identities:
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tan(——m-x =cotx cot[-——x =tlanx
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seci ——x |=CsSCx es¢| ——x I=secx
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1+ tan® x =sec’ x
secix—1=tan’x

sec’x—tanx =1

An identify is true for
_ all values of the variable:
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sin@ = ——
cscf
Quotient identities:

tanx = tan x = Sin x

cot x cos X

CO8 X

colx = O X = —
tan x sin x

I+cot’ x=csc’ x

ese’x—1=cot’x

We can use identities to simplify a trigonometric expression or to verify a more

complex identity
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Deriving these from:
sinx+cos’x=1
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General procedure: start with more complicated expression and make it simpler, or to verify,
furn more complicated expression into simpler expression.

sin xcos® x —sin x

Example:  Simplify
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Strategies for simplifying trig expressions using identities:

1) Factor out tng functlons as if they were variables
Ex: Simplify sinxcos® x —sinx
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2) When there is a squared term, think ‘Pythagorean identity”:
Ex: Factor the expression.  gjp x(l 0052 x)

R\-’Ptf‘”j}ﬁ = s iylfﬁwﬁ ﬂ ; %‘\n”‘lx W‘%"‘(\’}‘S”Zf& = ;

1

SN (54«4 2\
;%7@? Wﬂéf = | itk

3) Convert everything to sin or cos
Ex: Simplify cotxsinx
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4) If you have fractions, combine with common denominator

Ex: Verify
=CSCX

Sin x N COS X
14+cosx sinx
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5) If thete is a binomial in the denominator, multiply by the 'conjugate’ if it creates a

‘Pythagorean identity:
so it is not in fractional form.

Ex: Rewrite -
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6) Look for factoring patterns treating trig functions like variables
4tan’ @+ tan & -3

Ex: Factor the expression: sec" X «~1
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7) Don't forget the less-used identities:

Ex: Simplify Sm(“z“ ”x)
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Practice: Simplify...
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"Verifying' an identity means showing that it is true by using identities on
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ne side only to convert that side into a copy of the other side
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(Usually, work with more complicated side to simplify into other side)

#4. Verlfy... €08 XSeCX—cos’ x=sin
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5.1 day 2/5.2: Verifying Trigonometric Identities/More Examples

‘Other problems using basic identities (1-13 in_hw}:

Ex: Use the given values to evaluate the remaining trig functions i
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Perform an operation, then siplify; ( e el £ontsron A@@nﬁw&'ﬁw)

Ex: 1 1

secx+1 secx—1 ' .
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Use frig substitution to write an algebraic expression:
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More general tips for verifying identities:

1) Work with one side of the equation at a time. Usually best to try to turn more complicated
side into less complicated side.

2) Look for opportunities to factor, add fractions.
3) Loak for opportunities to use the fundamental identities.

4) Use simple side as the 'goal' to help guide what to do next. Example: if goal has secants, fry
converting what you have to secants, if goal has two terms and you are starting with one, look

for ways to split fractions, etc.

5) Try converting everything to sin or cos and see if anything cancels or combines.

6) Try something! The path to a dead end still reveals insights.




Simplifying Misconceptions / Common Errors

1) Numerator split:
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2) squared ~> fourth:

l+cot’x=csc’x but l+cot'x #osctx H-cort fx
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instead, use patterns or split ok

a’—b* ormaybe 1+cot’xcot’x
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4) cancelling part of numerator with denominator (vice versa):

1+ cgs/%sin2 x cos® x +cos® xsin® x
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- 5) denominator extended:

{correct)
COS X + Sin x{can x>

5
cosx+sm,<§ >
oS X

6) replacement misplaced:
(correct)

(tan X )
[esc x)+ (ot x)

( sin x
COS X

(& COs x
1 x inx

(incorrect)
cosx+sinxtanx

cOsx+sinxsinx

7
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(incorrect)

tan x

cscx+cotx

1 sinx c¢osx
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CSCX COSX Sinx
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5.3: Solving Trigonometric Equations .
‘Solving Trig Equations: Primary goal is to get a single trig function on one side of the LSinx . |
equation so you can find x. o ’
. Ll ‘ﬂ I
Example..solve: 2sinx—1=0 SE T
B} . RIRTR
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Once you've isolated a single trig function, you can think of solving in a couple of ways: .. .
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Strategies...

1) Collect like terms
Ex: Find all solutions of sinx-++/2 =—sinx in the interval {0,27)
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2) Extract square roots
Ex: Find all solutions of 3tan’x—1=0  intheinterval [0,27)
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3) Factoring (simple factoring, patterns, quadratic factoring) L
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" 4) Square both sides to get a quadratic to factor

Ex: Find all solutions of
( ﬁo%{»/)’z’:zﬁ nbe
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in the interval [0, 27)
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5) Function of multipie angles (sin3x, cos5x, etc.)

Ex: Find all solutions of  2¢cos3x—-1=0 in the interval [O, 27:)
Solve for the argument given, then divide:
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6) Using inverse functigns (use calculator if not a unit circle value) """

Ex: Find all solutions of s;—:c:2 ;5—2tanx=4 in the interval [0, 27:)
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7) Move everything to one side and use graphing calculator to find zeros

Ex: Find all solutions of  x=2sinx

in the interval [(}, 27!)

Some problems have no reasonable algebraic solution.
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5.4: Sum and Difference Formulas (;; 2 lut) }g wia 451 w)
Sum and Difference Formulas (do not need to memorize)

sin{u +v) =sinu cos v+ cosu sin v
sin{u —v) =sinucosv —cosusinv

cos(u +v)=cosucosv—sinusiny

cos(u——v) = QoS CosSvV+sinusiny

_ tanu+tany
I—tanufanv

tan (u + v)

fanu —tanv
tan (# — v) = e
[+tanutany

Find sinl165° (hint: 165°=135°+30°)
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Find sin[~%} (hint: _-I%xf__’i)
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Use sum or difference formulas to write the expression as sin, cos or tan or an angle:
SIN w oS VT pdbla Simd smfuw) (a5 v €83V 4.5/ Slave = mﬁ& )

sin 140° cos 50°+ cos 140°sin 50° = 5.1 (1" + cos3xcos2y+sin3xsin2y m{émm
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Find the exactvaiue of 009(1{ u} given that:

5 4 x 3 % ” + Make 2 skefches {(one for u, one for v)
siny = ﬁ’ there O<u< = and cOsVY = _5., where ~.2.~ <y » Use sketches to find the 'other' sine and cosine
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Practice Find the exact va!ue of sm(u + v) given that:

. 7 4 T ‘
sinu=—, where—<u<n and
25 v 2
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cosV=—, where--<v<27r
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Verify the identity: COS( Sz _ x] .
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Verify the identity: = sin (37 - x) =sinx
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5.5: Double, Half-Angle, and Power-Reducing Formulas

" Double Angle Formulas {do not need to memorize) Half Angle Formulas . (do not need to memorize)
: — i L U 1—cosu 1
sin 2u = 2sinu cosu sinZ =+ =+, |=(1-cosu)
2 2 2
cos 2u = cos* u —sin’ u
u 1+cosu 1
cos2u =2cos’ u~1 0085=i\/——2— =i\/5(1+cosu)

.2
cos2u=1-2sin"u the sign depends upon the quadrant of u
{graph u, find u/2, determine sign)

2 # l—cosu sinu
tanZum___tEI.l_tf_ tan—= =

1.....tan2-u 2 SiIlu I—i-COSu

Power-Reducing Formulas  (do not need to memorize)

. 1-cos2u  1+cos2u 5 1—cos2u
sin? 4 = ———v cos? 1 = ——— tan® u

2 2 _1+c052u
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Examples: Use the figure to find the exact value of the cot28 == tonZ e
Solve: sin2x—-cosx=0
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Fmd the exact value of cos 165° o= 32
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Find the exact value of tan U .
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Rewrite in terms of the first power of the cosine:
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