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Precalculus — Lesson Notes: Chapter 3

3.1 day 1 - Exponential Functions

Consider this ancient riddle: :
squares rice

stat 1 1= I(2)

"A courtier once presented a Persian king with a

beautiful, hand-made chessboard. The king asked

what he would like in return for his gift, and the 1 2 1z ) 3
courtier surprised the king by asking for a single grain 2 4 ﬂ {z)J 2= i(’b)

of rice to be placed on the first square, and then on 3 8 [ i [1)[?_)]2, oy (2)}
each successive square, for double the amount of rice 4 16 _ I ('L)‘f

from the previous to be placed (e.g., two grains on the 5 32 3 {2 1

second square, four grains on the third, ete.) Thinking et

this a paltry sum. the king readily agreed and asked for X =) [ z))‘

the rice to be brought."
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Did the king pay a fair price for his new chesshoard?

Exponential equation:  f(x) = a

a = the 'base' of the exponenlial functlion

Graph each of these using a t-chart (do not use a calculator to graph):

#1) f(x)=2" #2) f(x)=3"
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#3) f(x)=-2" | | #4) f(x)=2"
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);/Graph each of these using a t-chart (do not use a calculator to graph):
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J( x) =1 _3 Graph looks like this:

1) What is the domain of this function?
(==,

2) What is the range of this function?

(W%f m\>

3) Does this function have an asymptote? If so, what is
the equation of the asymptote?

j::;““5

4) Can you find the y-intercept algebraically? (What does x have to be?)
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5) Can you find the x-intercept algebraically? (What does y have to be?)
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3.1 day 2 - Exponential Functions: Interest Calculations
You put $100 in a bank account that earns 8% interest per year, but pays this interest out 4 times
per year (2% every 3 months). Starting with your initial $100, figure out how much money is in

your account every 3 months for gyears (d”r“ Pk gl )

months in V4 5 ( :DZD months in

account money in amount of account money in

(start) your account interest added (end) your account
0 300 3z 5 3 o2
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What if I wanted to know how much money was in your account at the end of 12 years?
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For compounding 'n' times per year:

nt compound annually: n=1

e P(1+£J compound quarterly: n=4

n compound monthly: n=12
compound daily: n =365

Example: Invest $5000 in an account with annual interest rate of 5% for 10 years. What is the
amount in the account at the end of 10 years if the account compounds:

a5 [J)(f“”) )
(a) annually 47.50:»0(} == ) | - | 8119
hap e a3 s
(b) mont_[ﬂy /} = SOna ( ) + '-} } _
i XD 4 a3
(c) daily > Yoo ( | e LoX 48 24232
“J? T 3/’3 \??‘é's/f:’) 4 32}] o2
(d)everyhour 4 - spoo ( g 8760 9
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What if c:ompoundeé‘Z every 'instant'...compounded 'continuously'?

For continuous compounding: A=Pe”

: ,;p_f{fﬂ"‘) - 15749 3, 6 |
() continuously /= Sooo e~ - 348z93.61
Other applications of exponential functions

Radioactive Decay: Lety represent the mass of a quantity of a radioactive element whose

25
half-life is 25 years. After t years, the mass (in grams) is y =10[%)

(a) What is the initial mass (when t=0)?
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(b) How much of the initial mass is present after 80 years? Y= e ('z ) < }' Dggjr me

Bacteria population: Given by P(r)=100¢"""""

(a) What is the initial bacteria population? ﬂQﬁl}
(b) Graph (calculator)

(c) What is the bacteria population at 5 hours?

(d) When does the bacteria population reach 5807?
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3.2 - Logarithms

Solve:  gv_3-9 EXPONEN} e 2 ey UTIDET
£33
- ' raises base 2
2\5 - % fo input x
et undda' 2 X number ——s] log, (number) et £XPONENE

gives exponent base 2
needs to be raised to
to get the number

Exponential and logarithmic functions {of same
base) are inverses of each other
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Logarithm and exponential functions (of same base) are inverses - they 'undo’ each other:

3" =8 log, x=2
£z}
oy (5 = Ao, (2) R
K%’gﬁ?;&{g) “;q;_gﬁffa
"a logarithm is an exponent”... X :://é
a’ =x > y= logaﬁx)
"Exponentiaf form” "Logarithmic form”

if a=10 (base is 10):
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raise base to an exponent, > log of that number,
get a number gives the exponent
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f(x)=log,, k) 'common logatithmic function’ _
(calculators have buttons for
common log, and natural log)
f(x)= logcbc\, 'natural logarithmic function'
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A few properties of logarithmic functions:

log 1=0 Inl=0 , ,
if log,x=log, y,thenx=y o1 Fmﬁw“f:}
log,a=1 Ine=1 . )
if Inx=Iny,thenx=y
log“(a")xx ln(e")zx
a(mga -") - C){lnx) =y

Examples: Find x...

logsI=x log,3=x log, x =log, 8
% | . mmﬁ B
S 3= ix=3F |
o i; " § et
L= 3 =h

[k =2, =2
To graph a logarithmic function by hand graph the inverse exponential
function and reflect over y=x line, then apply transformatlons

%
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HAlg3-4, 3.3 day 1 Notes — Properties of Logarithms

The logarithmic function works the same way as other
functions, accepts an input, provides an output:

f(x)=log, (x)

£(1000) = log,, (1000)

£(1000) = 2,

2 ways to evaluate this function...

By hand
" -~ C-\.
]0 @’o(/ouo et
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X =

/ 0o — log(x)
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Calculator
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If our calculators can onfy find log base 10 or base e, how do we find log, 8 ?

Change of base formula:

log,x =

log, x
log, a

changes from base a to base b.

Base b can be anything, but we usually use b=10 or b=e because we have calculator keys for

logarithms in those bases.
Examples:

log, 8=

log,30=

log 18 =

More properties of logarithms:

log, (uv) =log, (u)+log,

log, (ﬂj = log, (1) -log, (v)

Vv

log, u" =nlog, u

(Note: 'similar' to exponent rules: x"x" = x"""

using 'log' key:
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using 'In' key:
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Examples using properties:
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HAlg3-4, 3.3 day 2 Notes — Rewriting log expressions, Applications of logarithms

Sometimes, you can find the exact values of logarithmic expressions without a calculator or
rewrite logarithmic express using log properties:

et/
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_p!lcatlons of logarithms: Situations where a variable changes rapidly at first, then varies
more slowly. Example: {

"Students participating in a psychological experiment attended several lectures. After the last
lecture, and every month for the next year, the students were tested to see how much of the
material they remembered. The average scores for the group were given by the memory model:

f(®)=90-15log, {r+1) 0<r<12 where tis time in months. RPTCE

JR L

(a) What was the average score on the original exam (t=0)? 40 =17/o3,. (1 q0-9 /ﬁm ‘

(b) What was the average score after 6 months? 79 =/% /9% . / 2 ) B 3,:}/%3

e

(c) What was the average score after 12 months? “o—17/29,, [13) = (7 5, ?

*Hmwm»,.,.,_.w-ﬂ’”

(d) How long did it take for the average score to decrease to 757
Go ~15log, (F+ s‘;; = 3
1509, (4=

E) j ( {L +f ) - ,"
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HAlg3-4, 3.4 day 1 Notes — Solving Exponential and Logarithmic Equations
Reminder: How do we solve for x in these ca%es? cnsier L wete (n eep fo.m!
=3 (ﬁ"f’fﬂz i fi&mg K w5 logzxx3 P
w%eu“@!g\ax % f;; -f:ﬁ .\Z_[‘f‘)‘ﬁzx)ﬂzg lé)az ijws
logg £2%) “:'fe?@zi}gj) x =73 2 %=x
x=tfgls) X=3 g =

Strategies for solving exponential and logarithmic equations:

Use inverse functions:
¢ First, isolate the term with x.
e Use log properties to combine to one term.
¢ Substitute a variable to get a quadratic.

Use the 1:1 property for logarithms or exponents:
e Find a common base on both sides.

#1. Solveforx: Inx=-1 {w*iﬁ Ef%iﬁf&» gﬁwﬁf” ‘”5? %’fﬁ
Jﬁf"x o e - -

e e
P L

}{mjw /dmzf hath anSwer >)

#2. Solveforx: log,, xgté— . {@jﬁ_ frge fle f e 3
4 ?v’} ~ 1
x= !
[ X checkansarr \>
l‘-k"“u. T et -~ |
. S [ 4 4 ii . . )
#3. Solve forx; Se™’—8=14 [isolale ~rm wix / Fin dfe tavayie )
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#4. Solve for x:

' x
o 7 w2

Invx+2 =Ilnx
%4-2@ K.
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#5. Solve for x:

#7. Solve forx; ¢ —e"=20=0
Yze”
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( @f'%f’}{g eyye

#8. éolve for x:
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HAIlg3-4, 3.4 day 2 Notes — Solving Exponential and Logarithmic Equations

Summary of solving strategies:
1) Combine all exponential or logarithmic expressions into 1 term on 1 side, then use inverse.
I .

logdx—log4(xmj)=§ ;2,(;.% .,
’ﬁ%w(;‘j T oo 2lmoi
b, (35) i Rz2ae
=Y =JY Vo ol
K b o
Rom| =
2) Combine all exponential or fogarithmic expressions |nto 1term on each side, then use 1:1.
Inx—In5=0
/gm )¢’ “""/gw‘? 'y

How would we handle this one? nx=x"-2
fny -2

£ =& \
xi LNy b N
Rmﬁ?{i ?f

__ __':é'g'ular strategies don't work in cases like this, so we resort to graphing calculator. Two ways
' o:‘ do this:

"1) Enter each side of the equation in as 2) Move everything to one side to make
a separate equation and find the a single equation = 0, then find zeros.
intersection points.

(Use calculator 'intersect’ feature) {Use calculator 'zero' feature)
2nd (trace) for CALC menu, intersect 2nd (trace) for CALC menu, zero
~try window x: -5t05,y: -5t0 5 --try window x: -110 3, y: -2 to 2
37 34
2 5]
1 1 /\
T O F T T
-2 1 2 3 2 1 1 2 3
-1 1
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Can also use graphing to quickly check for extraneous solutions: &Mg

 Solve forx: logwx+logm(x2_8)zlogmgx y g
lajw X (xa) = log 5y 7
%{%émglwgm ?V@ﬁﬁff 3%){ + ng»& w4 S =
X G mdx

. 2othw =D

b4 f s Tf}fﬁiw@} -
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~ Example:  How long would it take for an investment to double if the interest was compounded
- continuously at 8%7? /=¥
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W oeny  2PePe ¢ ]2

t = jfff% Cat /
Example: You have $50,000 to invest. You need to have $350,000 to retire in 30 years. At

what continuously compounded interest rate would you need to invest to reach your goal?
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HAlg3-4, 3.5 day 1 Notes — Exponential and Logarithmic Models

Five most common math models using exponential or logarithmic functions:

1) Exponentia] growth model: y=ae®™ (5>0)

B gfi‘jﬁ:;{;i ajad A=ret ni
—onderest A= P(l + %}
grovth = { wf
Aecay = (<1 b

2.) Exponential decay model:  y=ae™™ (5> 0)
»w”fgi{}{'g{gﬂg’f@ ¥ € dﬁ{'@g - lj‘l -
. Q=G 5

3) Gaussian model: y= ae_(x_b] fe é} 2 mrm

— 16
et Seores

a

4) Logistic growth model: . —
) Log 9 d 1+ he™™

(%a\?m@é Al curit)
*W}gf’ﬁﬁff g‘g éf; F

R ggai@w A “‘z%”a

5) Logarithmic models: y=a+blnx y=a+blog,x
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yjTo create a model, pick the general equation most closely matching data and solve
/' (using data points) to find constants for specific model.

f Similar to ‘find an equation of a line with a given slope through a point’:
| Find the equation of a line with slope of -2 through point (1,4). What is the y value of the point
j on the line if x=57 Y = mes b _x J co mpl le. moclel
j = 9 = =LK | &
| | = =2 ¢t& o | Cre . =gl
l v g N JMe Are modii

(iy= 12 y= 2(Hé

¥ ==+ y =0+
: gy =4

4
fo =&

Compound Interest (example of exponential growth)

Separate models for compounding n times per year, and compounding continuously:
nt
) continuous compounding: 4= Pe"

[

n times per year: 4= P[l +—r—
n

Example, solving to find constants: Find a model equation for the amount in an investment
account for time t in years. The investment is $5000, interest is compounded continuously, and
investments in this account double every 8 years. e —— — 086643E
’ (3

e ——

A=pet
- C: = - —— = . F
(o2 O | 5022 5000 =S000 &

{
|
K - r
Sobo = PC;‘
S | loc=? 222" |
ﬁr _!‘(/ ,).,{’ 5}

Cooe = (¢ (1)
5 .
‘E!H‘i =

r'} s .‘_’ “).,'h‘.h
( P

New definition: Effective Yield (EY) (or 'effective interest rate’)
Effective yield = equivalent annual interest rate (compounded annually) that would give the
same interest as the actual investment returns.

Effective Yield = (total interest earned in a year) / (amount invested)
For continuous compounding, Effective Yield = ¢" -1 :
Example: If $100 is invested in an account with an annual interest rate of 6% compounded

monthly, what is the effective interest rate (effective yield)?
@it refe
67238
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Example: Find all missing values to complete the table for an investment which cor
- continuously:

&%&ﬂs&{w ﬁ";} W Lt ig“ﬁmw X f?ééwé?gﬁ
%

initial Investment  Annual % rate

Time to double

Amount after10vearsg i
- . fﬁg *ﬁ,z«
O $1000 12% o ?‘%?ﬁ ﬁ 220,02 iﬁﬁﬁ
o £ £ i 5 \{gﬁ:
e 7.5 years lgxay
G.26

$1505

o% $20,000
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Initial Investment
1 $1000

(example) $750
2 $800
3

Annual % rate

Time to double

Amount after 10 vears

Find all missing values to complete the table for an investment which compounds continuously:

A= Pe"

12%

7.5 years

8%

A ———— AL

$1505
$20,000

. - s hafif
Find all missing values to complete the table for the decay of a radioactive substance: Q=0, [—-] ’

Half-life {years)

4 1620

5 730
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Initial Quantity Amount After 1000 vears
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HAlg3-4, 3.5 day2 Notes — Exponential and Logarithmic Models

More examples of exponential and logarithmic models:

#1. Population The population of a city is given by the model: P =240,360¢°'% where t=0
represents the starting year, 2000, According to this model, when will the population reach
275,0007?
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#2. Bacteria Growth. The number of bacteria, N, in a culture is given by the model: N = 250¢%
where t is the time (in hours.) If N=280 when t=10, estimate the time required for the population
to double in size. k(m) 5 ek ' RN
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(a) Find the linear model for the value of the computer over time: ¥V = mi+b
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 (b) Find the exponential E’rodel for the V?!ue over time: ¥ = ae
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i@ (c) Plot both using a graphing calculator. Which model depreciates faster in the first year?
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(d) Use each mode! to find the book values of the computer at 1 year and at 3 years.
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X

#4. Sales and Advertising. The sales, S (in thousands of units), of a product after X hundred
dollars is spent on advertising is: S =10(1—ek"). When $500 is spent on advertising, 2500
units are sold.

K )
(a) Complete the model by solving fork. Z:5 (1~ f o
(5= |,@ ,a’ 2 -
s —2F T k= f_ ’_Ej = —0, 05 5 36Y

o

(b) Estimate the number of units that will be sold if $700 is spent on advertising.
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#5. Intensity of Sound. The level of sound, A (in decibels), with an intensity 7

is: A =1OIoin where I,is an intensity of 10™'* watt per square meter (faintest sound that

0

can be heard by a human.)

Determine the level of sound, £, if:

(a) 7=10""watt per square n}ester (jet 4 miles from takeoff)

L (35 +12) 0y les\ 45 AR |
% =10 oy AT = ooy b0 10 oy s =00 (£7) 755 ?’f_./

(b) I=10"watt per square meter (dlesel truck at 25 feet)
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W (c) I=10""watt per square meter (auto horn at 3 feet)
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