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HAlg3-4, 1.1 Notes — Functions

Relation: pairs of quantities related by some rule of correspondence.

Examples: area of a circle is related to its radius, temperature outside is related to time of day.

2 quantities: o
Input = Qﬁdependent variable, x, (X,
Seto pos&ble inputs is called the ;fomﬁ £ D
Output < dependent van)am (x,y) R

Set of possible outputs is called the V¢ ”f}' <

Ways to show relationships:
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If a function can be written as a rule, it can be written in function noggﬂw
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To evaluate a function for a given input, plug the input into the rule and compute the output:
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1.1 day 2 — Function notation, difference quotient

Function Notation:

If a function can be written as a rule, it can be written in function notation:

input output

X y function f
A1 3 v Y \
b (,g |
0 0 NE— 3(+) —
2 6
30 90
This function is written in ‘function notation’ like this: flx)=3%

To evaluate a function for a given input, plug the input into the rule and compute the output:

If f(x)=3x, evaluate the following:

@)= 3(2) fa0= 20)
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Difference Quotient: A function that is used frequently in Calculus.

J(x+h)-f(x)
h

Difference Quotient =

Example: Find the difference quotient and simplify:

f(x)=—2x+4 L e A S
C
4(}%) =2 (O Y : \
L(<) ==2{x )+ <
==Zx4 ~2A-2e4+N +2x-Y
—

Example: Find the difference quotient and simplify:
g(x+h}3—g(x),h¢0

g(x)=x"+1
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HAIg3-4, 1.1 (day2) Notes — Functions

Domain of a function = possible or allowable values of the input (x) f[}(} = Z?\Z‘"\{

(’17?’/ oﬂ> c.vf”(%

Determining the domain of a function:

1) Domain may be given by the function definition:
£ 3 (-3, (410, (823,( 220,005
d@ﬁ‘ew\"\ D ' 2 "“’3/%‘} 53; ?fj "‘jf:%
2) Domain may be implied (the values for which the rule is defined):
£0) = 204y 9, [ e#,em) ar all real aumbers , '
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Py =55 DIER, x#23 s b (-e53)u(3e9
Clel =X pr 2R, x=¥3 o D[4, )

3) Domain may be restricted due by physical or other stated constraints:
Example: A soda can is cylindrical with height 4 times its radius.  j = v,

Express the volume of the can as a function of the radius:
/ﬂ\ p ) -?&A P W AP
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What is the domain of V(r)?

inches, what is the domain of V{r)?
- D e, %1
Range of ;Mfunction = possible values of the output (y)
Plug in all possible input values; the range is the set of all output values that result.

Example: A baseball is hit at a point 3 ft above the ground at a velocity of 100 fps at an angle
of 45 deg. The path (height of the ball at distance x) is given by:

f(x)} = -0.0032%° + x + 3 Graph to find the domain and range

D [0,312]
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If we add the constraint that the maximum height of the can is 6




Steps for basic graphing on a TI-83 Plus or equivalent:
1) Enter the equation to graph:
a. Press the 'y="key.
b. On the Y1= line, enter the equation. For the variable x, use the ‘X, T,Q,n’ key and
press ‘enter’ when done. |
2) Set the window:
a. Press the ‘window’ key.
b. Set Xmin, Xmax, Xscl (scale), Ymin, Ymax, Yscl to appropriate values (to graph
the baseball example, try:

i. Xmin=0
i. Xmax=400
. Xscl=10
iv. Ymin=0
V. Ymax=100
vi. Yscl=10

vii. Xres (usually leave set at 1)
3) Graph:
a. Press the ‘graph’ key. The graph should appear.
4) Trace to read points on graph:
a. Press the ‘trace’ key. A point should appear along with x and y values at the
bottom of the screen.
b. Move the trace point using the left, right arrow keys.

Another program you can use to graph is called GeoGebra. It is a freeware program similar to
Geometer's Sketchpad. You can download and install free at www.geogebra.org (requires an
up to date Java Runtime Environment.)

N = -2l )+Y
Difference Quotient: A function that is used frequently in Calculus. {_ [ ; /
( 1%) > {25/
Difference Quotient = (x+h;_f(x) H(x) = -2
Example: Find the difference quotient and simplify:
fG)=—25+4 flere)=fl 5
c
[ 2(y+e) 4 u '+_|_m 2%+Y] :

Example: Find the difference quotient and simplify:
h)—
g(x+ 2 g(x),h¢0

g(x)=x>+1
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HAlg3-4, 1.2 (d@¥1) Notes — Graphs of Functions

A graph of a function is a 2-D plot with inputs, X, on x-axis and outputs, f(x), on y-axis.

Point plotting method: make a table and select some input values, compute corresponding
output values and plot (x,y) pairs.

Example: graph f(x) = x® — 1:

x| F(x)
3 -4
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o = | 4
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= =3

Domain and range of a function: From a graph of a function, you can determine the domain
and range. Remember, sometimes domain (x) is restricted by problem (no negative lengths) or
by function equation (no even roots of negative numbers, no zero denominators.)

Example:
(2.d4) D \ zh"'\k-f g,-’)
//-\ (52 0 I 1)

(-5,-6)

Increasing , decreasing and constant functions: Moving from left to right:

If the graph rises, it is increasing

If the graph falls, it is decreasing

If the graph does not change, it is constant
A graph can be increasing, decreasing or constant for its entire domain, or it can have regions
that are different (some increasing, some decreasing, etc.)

Examples:
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HAlg3-4, 1.2 (dd%2) Notes — Graphs of Functions

Relative Minimum and Maximum:

Functions may have regions where they are increasing or decreasing.
Relative Minimum = a point where function changes from decreasing to increasing.
Relative Maximum = a point where function changes from increasing to decreasing.

Example: f(x)=x"-3x
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Even / Odd Functions:
Algebraic definition Graphical meaning
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Piece-wise defined functions:

f@j:{x’ x>1

x-3, x<1

Greatest Integer Function: [ W{Mj’ ﬁ{owﬂ ,mgm

fx)=[x] the greatest integer less than or equal to

f@=foj=0
f0.5)=[0.5]=0
£(0.9999) =[0.9999] =0
fO=[1]=1
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Sketching or identifying functions is made easier when you know:
e The shapes of common functions.
¢ The ways these shapes are transformed by common adjustments to equations.
Basic shapes of common functions:

NP NI e

Constant function: Identity function: Absolute Value function:
fx)=c fGx)=x S =
e f(x)f-ﬂx- B RPN
Quadratic function: Cubic function: Square Root function:
fx)=x" | f(x)=x Sx)=+x
, N L : BSY - :
o) = ; :
R EYES
What does it do?
Adding or subtracting a constant ) _ . _
to entire equation: Jx)=x+2 or f(x)=|x|]-4 Verhiea\ shib+ K“f“#”} Ao )
Adding or subtracting a constant to év;mr? rorta] s hifad (! e+, f¢§§?+wj

the x ‘inside the function” f(x)=(x+2)" or f(x)=|x—4

Multiplying the entire equation by negative : F®)=-x" or f(x)=—x

 yertial “"ér;&/
F FMM\W?

Muitiplying the x ‘inside the function’ by il [refle ha,
or f(x)=\/; h;)fw?ﬁ:m& ﬁ

a negative: | [0 =(-x)

Multiplying by constant>1:  f(x)=2+" or f(x)=2] vertiod steteh

§n, AR
Multiplying by constant <1:  f(x) =~;—x2 or f(x) =%ix| Verhie B Shriaf
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Sequences of Transformations: EREENBRRER s RS R TR ERROE
Multiple transformations can be applied. When = Lo

sketching, start with basic function and apply Wittt 2]
transformations in order of operations. ~

Transformations of other functions:

(-4,4)
f(x)
~_(0:2)

EEN
1 \e-a.

(0,-5)
. "

f(x+2) - 3




#1) Use your calculator to sketch each of these functions:
Basic shape

Adding or subtracting a constant to the whole equation:

f(x)=x"+2

f(x) =x

y

f(x)=x'-4

—

Adding or subtracting a constant to x ‘inside the function’:

£ (x)=(x+2)

!

I
e

!

{

7(5)=(x-4)

44—

What does adding or subtracting a constant to the whole equation do to the graph? ghiftg v ( G'\')

6l‘dadf\ L")

What does adding or subtracting a constant to x ‘inside the function’ do to the graph?

shitws e+ (+)

or f'rer' C-—)




#2) Use your calculator to sketch each of these functions:

Basic shape f(x)=]4
; S
B
&
b y.
N £

Adding or subtracting a constant to the whole equation:

F(x) =l +2 S (x)=|x|-4

Adding or subtracting a constant to x ‘inside the function’:

f(x)=lx+2) fx)=l=—4

What does adding or subtracting a constant to the whole equation do to the graph?

“e+  What does adding or subtracting a constant to x ‘inside the function’ do to the graph?




;}3) Use your calculator to sketch each of these functions:
Basic shape f(x)= Jx

Adding or subtracting a constant to the whole equation:

f(x)=vx+2 f(x)=Vx-4

Adding or subtracting a constant to x ‘inside the function’:

f(x)m\/m f(x)=+x-4

_ %L\F

What does adding or subtracting a constant to the whole equation do to the graph?

What does adding or subtracting a constant to x ‘inside the function’ do to the graph?
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' #4) Use your calculator to sketch each of these functions:
: Basic shape flx)=+"

Multiply the entire equation by a negative:

flx)=~"
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Multiply the x ‘inside the function’ by a negative:

f(x)=(-x)’
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What does multiplying the entire equation by a negative do to the graph? Ap’n{) S Ve C}[,”j

" What does multiplying the x ‘inside the function’ by a negative do to the graph? -

(.




#5) Use your calculator to sketch each of these functions:
Basic shape f{x)= Jx

Multiply the entire equation by a negative:

f(x)=—x

Multiply the x ‘inside the function’ by a negative:

f(x)=v-x

What does multiplying the entire equation by a negative do to the graph? Y M re } «M v

i

i
What does multiplying the x ‘inside the function’ by a negative do to the graph? N y
hon 2ot { 17
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7 4 #6) Use your calculator to sketch each of these functions:
Basic shape f(x) =]

Multiply the entire equation by a negative:

/(%)==

Multiply the x ‘inside the function’ by a negative:
f(x)=|+

11 r-

What does multiplying the entire equation by a negative do to the graph?

What does multiplying the x ‘inside the function’ by a negative do to the graph?

—




4 #7) Use your calculator to sketch each of these functions:

Basic shape Fiz) =
( Vi
/i
i 45 -
Multiply by a constant >1:
Fz)= 2
_v
- .- i ‘.qn._.‘
uu :
Multiply by a constant <1:
-
X)=—x
(=3
_+_ - I

What does multiplying by a constant > 1 do to the graph?

What does multiplying by a constant < 1 do to the graph?




#8) Use your calculator to sketch each of these functions:

| - Basic shape =[x
7
Multiply by a constant >1:
J (%) =4}
/
]
{
\
Multiply by a constant <1:
£(x) =3l
e
i T

What does multiplying by a constant > 1 do to the graph?

What does multiplying by a constant < 1 do to the graph?




#9) Use your calculator to sketch each of these functions:
Basic shape Fle)==

Multiply by a constant >1:
flo)=3x
I
- 4
Multiply by a constant <1:
1
X)=—x
1()=1
AEE ]' ]
T o
|

What does multiplying by a constant > 1 do to the graph?

What does multiplying by a constant < 1 do to the graph?
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HAlg3-4, 1.4 (dayl) Notes — Combinations of Functions

Given two functions, you can provide both with the same input and combine the output values
from each function in various ways to create a new function. There are two general ways
function outputs are combined: arithmetic combination and composition of functions.

Arithmetic Combination of Functions: Add, subtract, multiply or divide the outputs of the
functions. Special notation for these combinations:

Addition: (f +8)x)=f(x)+g(x)
Subtraction: (f —g)Xx)= f(x)—g(x)
Multiplication: (f2)(x) = f(x)e g(x)
Division: [iJ(x) =@, g(x)#0
g g(x)

Example: f(x)=x+1 g(x)=x*+6x+5

. r N RV
(F+g)x) = LeD 490 = ¥H + xEbxd T = XTHFE+4
There are 2 ways to evaluate this, say, at x=2:
1) Plug 2 into each function first, then add results: 2) Plug 2 into the generic combination function:

f@= (D4 =3 f(X)=x2+1
g)= (2) LD 43 = ¢ g(x)=x>+6x+5

2)=~£(2)+ §( (f+8)x)=x+Tx+6 :
(f+eX ):f Cz% & Clr+2) D) = ()2 U+

\ ‘j A :f“;': ["

Note: this is not mult;plrcatlo

—
is is function notation with input of x (plug x into equation)

Example: f(x)=x+1 g(x)=x>+6x+5

m(x)_ £0D _ %1 Kﬂ/;ﬁ, {

N
X+

T MR (xe/:)(x )
-
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Precn] alus
HAlg3-4, 1.4 (day2) Notes — Combinations of Functions

Arithmetic combination of functions...
S F 1=t « [ 0 AR
7 (:Eﬂ]“'? ) >} (£+9) ] = LK 7 &)
[ WP~ I
g 9"

Composition of functions. .. .
ol .'!""

ey Y o — : é—-— oy ‘

flg(x)=(fog)x) “fofgofx” “composition of f with g"

h(a(x))=(hoa)(x) “hofaof X “cowpqg{ition of h with a”
PR "

)
Y : us
Examples: f(x)=x* 8 =x+1 (}]‘ofg)(3)=4(9(3)) =e(4)= (=1~
g9 )= 34+ =Y

3 ’LJ‘/”_,J__I? 3= {02

- - g3 - v?d_/“_“ 2
f@=x  g@=x+l (Fog)m=Ft{3(3) 2B X+) = ( %ti) =:

S LT - Bl = '?QT 4+ |
f=  ewextl  (genw= g =9 () (x)+
Note: in general, (/o g)(x)# (g° f)(x)
Try it... |
@2 swez-1 ep@= )= #(3)= (20227

9(2) = 2(-1

=1 g@=x+l  (fog)®)-= -ﬁﬁyé&:ﬁ(wf‘)* >t

X

Identifying Composite Eunc_tiﬁons
u\"‘ib’.{: < { \
Vi’

Example: h(x) = == f(g(x)) | . l
.(x—Z) o R — ff)’
—2 outside [ )= 2
E : {JQ\" v r‘.‘)f' \ ) . ( 9 -II
S 9(;) ~( b
, laS :
x—2 /.‘ neh (vl‘(') ‘




Finding the domain of a composite function

To determine the
function, you nee

domain of a composite
d to restrict the outputs of g so

that they are in the domain of f.

range of g,

domain of g domain of range of f(g(x))

Example: g(x)=x+1 %) :i (feg)x)=—

L — *b r;;;’“? - {' J S
= i Nl \ Can Se ety frn,
2 il L] I)f Ca Faal €7 Uafioin
| 7(.{,{# A zéi I ‘1.‘: ]
cF- oo N  —{
Xz P ‘ D s oF 4"3> . Ki ey

Example: g(x)=+9-x’ fx)=x*-9 (fog)(x)=(\l9—x2)2—9 = 9yt = 5

NEr ezl vR
s g |—mm—— — i(
y_f } = J } \)—T:—)Z - | __WJ,______‘
e '{'C'ﬁw ﬂ‘«(((/,n/-
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d-(-;ziﬂ Do of (fo5) [5 3)
W1 Kx-1279 ? Lrofhigied by
o PAgy x5
,3; » a2 (:00{’?} ’
3,3 E’ldfj S cale chak’ gry

Practical example of composite functions (example #10 in book —

= (1777 ) —a  (teonr W*‘)

read it)
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HAlg3-4, 1.5 (dayl) Notes — Inverse Functions

Inverse of a function: | ) v
. . s N -1 \
Inverse functions U.vw;fa €ach Pl rer

f(x)=2x

Notation: inverse of f(x) is f™'(x)

5 - I8 N o
Note: Fime . 5=t X=d (H) =) bt £ () inureot
f(x) N e / > 7
Finding an inverse function: Example: f(x)=x+6 find f™'(x)
1) Replace f(x) with y Y= ¥ .
2) Swap xandy
3) Solve fory Vol iy _
' b =Y £ lh)=%x~4

L

erifying two functions are inverses: |

Put one function in as the input to the other function and simplify. Since they ‘undo’ each other,
the result should be just the input, x: TG =x B B S
Al £ (2x-3)

Example: verify f(x)=2x+3 and f'l(x):éx—% are inverses. ?/i

Practice problems:

\
#1 Find the inverse of f(x)=

#2. Find the inverse of f(x)=2(x-38)

x—2 _ it
> — 22Xk
D’:;‘z XY =2X=3 ) ,
Y= £y =f.
G e Xy =S+ 2 A
=9 C s FAE )il =29 e
(y-2)x=3 J=Tg + H’r (x)=z +2 \ Y=g K+ /f (=2 x+d |
#3. Verify if the following are inverses: #4. Verify if the following are inverses:
f(x)=3x+12 f(x)=2x—6
S0 =54 F)=2x+3
-/ ‘_—- 7(’{-’”{[‘ f A\
| wt3) T

| P !
el _‘!,4'._“‘.5;



Graphs of inverses:

Use a calculator to graph the following functions and their inverses:

Flx)=2x+3 fl)=2x"-1

g, 1 3 Sy 4L x+1 G]

S (X)_Ex_a = 5 —( 5 J
b

The graphs of functions and their inverses are: }a«?/m&a# Sye, /;‘,\ ¢ Y=x

Can we find the inverse of f(x)=x"7

Not all functions have inverses. To have an inverse, a function must be one-to-one, which
means every output corresponds to exactly one input.

Are these functions one-to-one?

To be one-to-one, a function must pass the horizontal line test.
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HAlg3-4, 1.5 (day2) Notes — Inverse Functions

Existence of an inverse

Not all functions have inverses. To have an inverse, the function must be one-to-one, having
only one input for every output.

Check for multiple inputs with same output, or use horizontal line test to determine if a function
is one-to-one and has an inverse.

Examples:

1@) (04 (1 5) (28)) (3,6)} - f(x) = x?

{ V?O-%'[ {///h;/,:"'\‘
Horizontal and Vertical line tests - ' |
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Domain and range of inverse functions 15 "lavers]
function f: inverse f':

domain: {3,4,5} omain: {12,14,18}
range: {12,14,18}>§° range: {3,4,5}
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f. domain: [-2, 2] range: [-3, 5]

/7' domain [-3, 5], range: [-2, 2]
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-~ Sometimes, you can find an inverse for a function that isn’t one-to-one by restricting the domain:
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