R HAIg3 -4, 8.1 Notes — Matrices and Systems of Equations

: A matrlx — is a rectangular arrangement of real numbers:
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-Solvmg a system of equatlons using matrices (Gaussian Elimination, back-substltutlon)
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Soivmg a system of equations using matrices (Gauss-Jordan Elimination):
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ExampleslPract:ce Solve system usmg Gaussmn or Gauss Jordan elimination
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~ HAIg3-4,8.2 day 1 Notes — Operations with matrices

" Matrix notation: A matrix is represented by a capital letter: 4 =[ i 3}

Equality of matrices: Two matrices are equal if:
» they have the same order (dimensions)
o all corres';pbnding entries are equal.

Homework example Given the following matrices are equal, find x, y, and z.

Mét’nx addition, subtraction: *to add or subtract, order of matr;ces must be the same*
' Add (or subtract) corresponding entries:

[(2) _13 :}LB 32 _ZJ: _E :: ?] e F ¢ _11 [2_ 3} M@%‘f@fhéﬂlﬁ

2 -1 7)1 2] (undeined )

" Mu[t:plylng a matrlx by a scalar number: Multiply each element in the matrix by the number
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Properties of Matrix Addition and Scalar Multiplication:

For matrices A,B, and C, and scalars c and d :

1.A+B=B+4 (commutative property of addition)
2.A+(B+C)=(A4+B)+C (associative property of addition)
3.(cd) A=c(dA) (associative property of scalar multiplication)
4.14=4 (scalar identity)

5. c(A + B) =cA+cB (distributive property)

6. (c +d )A =cd+dA (distributive property)

Summary: For simple operations, matrices behave the same as numbers.
Order of operations is the same.




Solving matrix equatlons

1. Solve the equation | usmg cap1tal tetter symbols for matrices.
2. Rep!ace the symb_ols w|th matrlces and find the final answer matrix.

2
Solve the matrix equatlon A 2X =B for A:[
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_ HAlg3 -4, 8.2 day 2 Notes — Operations with matrices
Matrlx multlphcatlon (multiplying a matrix by another matrix):
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To compute an element:.
- 1..Take the matching row from the left matrix and column from the right matrix,
~ 2. Moving across row from left to right, and down column from top to bottom, multlply each pair
of numbers..

3. Add the results...the sum is what you put in the corresponding space in the answer matrix.

Same procedure, regardless of the size of the matrices. But, for it to work:
the number of co[umns of the left matrix m%?t match the number of rows of the right matrix.
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Identlty Matnx An Identsty matrix has 1's atong the main diagonal, and 0's elsewhere:
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Ca[led the identity matrix because if you multlpiy a matrix by an identity matrix, you get the
original matrix: e e
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Properties of Matrix Muitiplication:
For matrices A, B, and C, and scalar ¢

1. 4(BC)=(4B)C ‘(associative property of matrix multiplication)

2. A(B+C)=AB+AC (distributive property)

3. (A + B)C = AC+ AB (distributive properiy)

4. c(AB) = (CA)B = A(CB) (associative property of scalar multiplication)

Note: no commutative property. In general, 4B # BA
---- Read textbook example 10, p. 576, to see how matrix multtphcatlon might be used —-
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: Matrlces on the graphmg calculator:

You can enter matrzces into your calculator, then have the calculator perform operations,
including matrix multiplication (and other more complex things we'll cover later.)

Examples to show capabilities and procedure:

2 0 4 i

' Find 3AB for 4=|3 -2 5 B=|-1 3 2

-1 0 2 -3 2

" Enter matrix A:

1. 2nd x" (MATRIX).

2. ->-> EDIT, with cursor on 1: [A] line, press 'enter’
3. '3, enter, '3, enter (specifying a 3x3 matrix)

4. type in each element and enter it by pressing the enter key, the cursor automatically jumps to
the next element: e.g., '2', enter, '0"; enter, '4', enter, '3', enter, etc. until all elements are
entered. (use (-) key, not subt_r_act to__enter negative numbers).

5. 2nd MODE (QUIT) to exit entry mode. . .

Enter matrlx B:

6. 2nd X (IVIATRIX)

7. -> ->EDIT, with cursor on2: [B] Ilne press 'enter’

8. '3',enter; '3, enter: (specifying a 3x3 matrix)

9. type in‘each element and enter it by pressing the enter key, the cursor automatically jumps to
the next element: e.g., '1', enter, '2', enter, '7', enter, '-1', enter, etc. until all elements are
entered. (use (-) key, not subtract, to enter negative numbers).

10. 2nd MODE (QUIT) to exit entry mode.

Compute express:on 3A-B
11. press'3' BT i

12, 2nd X (MATRIX)

13 with cursor on 1:[A], préss 'enter’
14. press the subtraction key -

15. 2nd x' (MATRIX) __

16. with cursor on 2:[B], press 'enter’

5 -2 5
17. press 'enter’ again to compute. Should display the answer matrix: {10 -9 13
60 -2 5

Using the same matrices, A and B, try to compute AB and BA. Answers should be:

~10- 12 18 1 -4 28
AB=|-10 10 22 BA=|5 -6 15
7 2 -5 -1 -4 0

You can also explore 2nd x' (MATRIX), -> MATH menu. There are lots of matrix related
functions here. Scroll down to rowSwap, *row+...these are elementary row operations. Later,
we'll be doing determinants...that is also found here (det()).
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HAIlg3-4, 8.3 day 1 Notes — Inverse of a Matrix

What is an inverse? L _4 s 2x = b
. o l \ =z 5’ " __,’:.%i _l_ j } n
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Multi'p'lyi'hg a number and its inverse produces idehtity (1).
Multiplying a matrix and its inverse produced identity (the identity matrix, 7 )

" Example: Show that B is the inverse of A: 4 :{ 6} ’ =[ ]
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,'Note Inverses are exceptlons inverses do obey the commutative property

-:_r-.---'_'How to flnd the inverse of a matrix: 3 methods.

(Textbook example 2, p.583, has a general explanation of finding an inverse algebraically from
its definition, but we wall focus on the more commonly used procedures to find an inverse.)

1) Row-reducmg an augmented matrix
1. Write the initial matrix, and augment that matrix with the identity matrix.

2. If possible, row-reduce the augmented matrix to produczthe identity matrix on the left side.
3. The right side is the inverse of the initial matrix.
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2) Using the determmant

In sectlon 8. 4 we II Ieam about determinants of matrices. For a 2x2 matrix, the determinant is
given by:. S
A= I:a Z] -._';j."'déterminant =det(4)=|4]|=ad-bc

T‘hehz the _i'mjé'r"s_é of a matrix can be found using the determinant:

: ILI

Al a “ad—bc|-c a

.E_:xample. Find the inverse of 4= [ ii ARy (4‘1){«4} :{

- 3) Usmgacalculator S ‘
1. Enter the initial matnx usmg the 2nd x' (MATRIX), EDIT, specifying the size and entering all
. the matrix entries. .~
~++:2:2nd quit, then select the matnx entered by using the 2nd x' (MATRIX), scrolling with cursor to
- entered matrix, then hitting enter.
3. Press the X key, then hit enter.

.Example: Find the_z in\lﬁf-‘_r’sé of Am[ | S]

Do all matrices have inverses?

No inverse if: %@ﬁmg ol ) Avese Vand ! ﬂz Yo [ AR g‘gaf{fs sﬁi ?
» Matrix is not square. Ao GER = #?zgz fde
¢ Matrix has any row that is a multipie of any other row. '

é@f«wﬁ;éw Vo @ Wgyf!‘;‘m@&‘“ (e i !
pred e ow) O =0




&s—d—f’“%

o :.:..'HAlg3-4 8 3 day 2 Notes — Solving Matrix Equatmns

Wr:t:ng a system of equations as a matrix equation:
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2x-3y=-2
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Solving systems of equations using matrices: 2 methods
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- 1) Write system as a matrix equation, solving using matrix inverse
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o Examples from hOmework':_f-' Find solution using an inverse matrix. {

e

2} Write coefficients and answers as augmented matrix, obtain reduced row-echelon form
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2x+35y +w=11
x+4y+2z-2w=-T7 ’
Use a calcuiator for large systems: S "

2x=2y+5z +w=3
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_ 5x=3y+2z= 2
Find solution.. {2x+2y-3z= 3

~x+7y—8z= 4
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B HAlg3-4, 8.’4@ ] Notes — Determinants

"Determinants: . .
* Only square matrices have determinants,
¢ Determinant is a scalar number, not a matrix.
* A determinant 'determines’ if a matrix has an inverse.
zero, that matrix has no inverse (is non- invertlb!e)

Finding determmant of a 2x2 matrix:

b
A= [a d] determinant = det(A) = |A | = ad — b¢
c

" Examples/practice — Find the determinant:

S i

UG, B

If the determinant of a matrix is

Example Flnd determmant of |03 1 22
00 -5

Choose row or column with most zeros...easiest to compute.




Triangular Matrices and determinants:

| Triéngma'_k 'matrices have one or both 'halves' (above or below the main diagonal) zero:

rﬁﬁf“& 1.2.9: 1 57

Upper 'tfiéng'u lar matrix;

Lower triangular matrix:

: D"iégbzh'ai matrix:

i ' For aII trlangular form matrlces the determmant is the product of the numbers on the
gt '_f’mam dlagonal : :

: }?ﬂﬂ/fimmﬂ 5 'y

" Alternate (diagonal method) for findmg determinants (works with 3x3 only}

1. Rewrite the first two columns at the end of the matrix. .

2. Starting from the upper left corner, draw a diagonal to the botiom of the or:glnal matrix, and
find the product of these 3 numbers. -

3. Do the same for the other 2 numbers in the top row (diagonals down and to the right.)
4. Add up these products to a single number.

5. Now starting from the lower left corner, draw'a diagonal up and to the right top of the original
matrix, and find the product of these 3 numbers.

6. Do the same for the other 2 numbers in the botto'm row (diagonals up and to the right.)
7. Add up these products to a single number.

8. The determmant is the number from the ftrst dlagonals mlnus the number from the second
dlagonals

-wm.t S A
s 5 }a’”
&

Example: Find the determinant using the diagonal method: | -1

el = - 230« (<19%) f@

Colealetr™ 2254 o) —wairk, A (1)
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HAlg3-4, 8.5 Notes — Applications of Matrices and Determinants

Alternate (diagonal method) for finding determinants (works with 3x3 only):

1. Rewrite the first two columns at the end of the matrix. -
2. Starting from the upper left corner, draw a diagonal to the bottom of the original matrix, and
find the product of these 3 numbers.

3. Do the same for the other 2 numbers in the top row (diagonals down and to the right.)

4. Add up these products to a single number.

5. Now starting from the lower left corner, draw a diagonal up and to the right top of the original
matrix, and find the product of these 3 numbers.

6. Do the same for the other 2 numbers in the bottom row (diagonals up and to the nght)

7. Add up these products to a single number.

8. The determinant is the number from the first diagonals, minus the number from the second

diagonals. THE B M e
e
Example: Find the determinant using the diagonal method:; “?3
G o
e "~y = "23=

Aot = —232 - (/Mm%;)ﬁ)w
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Area of a triangle, given coordinates of vertices:

Ex?mple:
x oy 1 A e
L] N I I 2
'rcaﬂrm,'i;:h' - 9 Xy Y A oSt Z 2{”: 4 5
o | LA

Test 3 points for collinearity:
What happens to the area, if the 3 points of a triangle are collinear?
Example: Are the pts (0, 1), (4, 4}, and (8,7) collinear?
N 1 g3 ! | (
3 points collinear if | x, p, 1[=0 YooYy , SO yé?_.)" “o f/: Newr

X 1 g T o




Find equation of a Ilne gwen 2 points on the line:

e Find equation of line passing through (10, 7), (-2, 7‘)
L _-x_:_ - y 1 i e 4 qwt};w -/Hf;

gi For equam.)i{z.qf /mes*olve oy =0 | m,\gj m 1,\ Y - ,L:; 9 %Eﬁ %;;@ j}wy é-?;ﬂ
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C'rah";"e'r's" I"\’.'ule'm another way to solve system of linear equations:
L N e )
4] sl
where A, = matrix with nth column replaced
with constanis matrix column.
. , 4x-2y=10 M wz‘g' }‘Tj{w | i@ ?
2 Exampfe: Solve the system using Cramer's Rule: v @ oy T
3x-Sy=11 T jj L4
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_~Example: Solve the system using Cramer's Rule: ) 2x +z=0 z o ) T 77§
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Honors Algebra 3-4 Using Matrices to Encode and Decode Messages

Name M&ﬂ Period
1 -2 2
~ Example: Let’s encode the message MEET ME MONDAY using the encoding mafrix A=|-1 1 3
TR 1 -1 —4

1) Break thé message into symbol groups each containing 3 letters:
pe€] fron] (E-nb [ovp) v ]

2) First, change the message into iumbers by replacing each letter with a number as follows: (0 is
assigned to a space).

A B C b E F G H I I K L M
1 2 3 4 5 6 7

o0
D
[
=
—
—
[u—y
\.
fu—
%)

N o P @ R S$§ T U VvV W X Y z
4 15 16 17 18 19 20 21 22 23 24 25 26

6—3 5 'Sj fm @*§j£§ o 30 [ 1514 g1 | w o)

3) Multiply each symbol group by the encoding matrix to produce an encoded group: [L’j g C _@ p

[z % 0\ (33 = [18 -s-vd) [§ —2es®)2tezva] o3

4) Recombine into a single string of numbers. This is the coded message:
|3 26 21 3% -%% w2 1§ ~iF % v owzs ¥6 T2 23 3P

7

To decode:
1) Find the inverse of the encoding matrix and store it in B to make a decoding matrix.
2) Break the encoded message into symbol grou.ps of 3 numbers:
Oz -26 243 (33 =52 =12d (1p -23 ~yal [s =20 s8] [-2y 22 33
3) Multiply each symbol group by the decoding matrix:

s 5 s3[z o 2 (s 0 ) [w o w1l s 03

4) Use the letter-number map from above to convert the numbers back into letters:

(m e e)(r_ mile - wllonpiar.
5) Recombine the original message.

meE T AE AEepAY




The following message was encoded using the same A matrix,
message:

1 -1 23220 .43 34 13 27 12

[\
(U}
1
g}
el
1
o
b2
oo
1
—
(9%
]
[}

31 56 26
€= £ € A by

.;;;ffffii“' 300 49 26 30 3
s U m om e e

Use the decoding matrix B to decode this

40

-17

=12

o Try encoding your own message (a minimum of 30 numbers) using matrix [A]
-t string along with the translation below:

-27

-69

84

. Give the encoded number




