:? HAlg3 4, 2.1 (dayl) Notes — Polynomial Functions, Quadratic Functions

Polynomial Functions classciecd by 'dog rae!
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Quadratic functions: Shape is: e P =25 4354
T
f®)=a,x" +ax+a, ‘ﬂambaﬁq s ] jAR H
_ 2 SEaEn .
J(x)=ax i+f)x+c | Vel |

" The point where the curve changes direction is called the _Vérte¥

L X, Y intercepts are where —the othe, Yariable is 2o
“How 'does changing a, b, and ¢ affect the graph of f(x) = ax® +bx +c?

| '.'Changing a causes: f’f\qhﬁe) wightth [ bigger =5 Eifwiﬁé%.f> éz@w%g?{?pg verHica iy

'Ché'ngin'gbcauses: wove.S \few'fgx Aronn ol (:*‘ram )

Changing ¢ causes: & Shis s Chitt s cAomin

Difficult to""sketch a quadratic function given in form Sx)=ax’ +bx+c
Easier to sketch if converted to standard form of a quadratic function:

f®) =a(x-m’+k  (hE)isthe Verfex
a affects direction and vertical scale or ‘stretch’

\Jo convert a quadratic to standard form, complete the square:

Xg}i}“ fO)=2x"+8x+7 |
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' :-j__'_.Pract|ce Convert the quadratic to standard form, and sketch.

U . #)%Zﬁ}(x) 3x +6x+1 . ‘ “ oy i oo :
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#4, f(x)=x*+2x

2l0=(xFrzxs1) —1

Fiy= (xe ) =1

Fmdlng x- and y-intercepts (set other variable to zero)...can help in sketching:
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] '(dayZ) Notes ~ Polynomlal Functlons, Quadratlc Functions

leen vertex'and a pomt find the equation: fxy=alx-h)’+k

Example Flnd equatlon of quadratlc function with vertex at (1,2) passing through point (3,-6).

D place hic s genees) eguaton fley=<(x= 1"+
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Practzce Find the equation of a quadratic function with vertex at (- 2 -—2)

passmg ‘through point (-1, 0).
Lley=alx42) =2 R

© = a(- +2)?~m2_. gf{;)“ z(wz)z

o= af [y b

Given equation, find the x- and y-intercepts:

_ fx)=x+x-2 f(x)=x*-x+7
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Finding the vertex of a quadratic, real-world applications:

vertex: Performing our ‘completing the square’ procedure with general form f(x)=ax’ +bx + ¢

(7 Y [ p
-_ ) ,:a[x+—) +| ¢~— therefore:
: SRR 2a 4a

b . :
h= 3, = X coordinate of vertex, x value where curve max or min occurs.
a S ‘

2 .
k =c—n4— - =y coordinate of vertex, the min or max value of function.,
dag .

Sometimes, easier t_c_J*_USé formulas to quickly get the vertex (h,k), rather than convert equation

to standard form. - Finding the vertex is often useful in real-world applications.

= "_EXérhp_'l_é:-__ A textile manufacturer has daily production costs of:
. C(x)::u} OOOwlle +045x2 where C is total cost in dollars and x is number of units produced.
L H_SW':rhfa'ny_ZUn'its should be produced each day to yield a minimum cost?
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ﬁi&lgS’-4, 2.2 (dayl) Notes — Polynomial Functions of Higher Degree

* Graphs of polynomial functions of higher degree: (Degree = highest variable exponent.)

Polynomials are continuous and smooth:

V]a"g" q

‘ wot
?uiyww@ﬁ o 4

{?mf yopmiad
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‘Al polynomials eventually rise or fall to infinity on left and right side. To sketch left and right

. side behavior, use the Leadmg Coefficient Test:

B ~ Even degree polynomials: - -

e Left and right side in same direction
» Positive (+) leading coefficient, both rise (like x3)
e Negative (-) leading coefficient, both fall (like —x%)
gen oaes

: f(x} 3@ 2 4t — x—1 f(X)"“—4p 2 +x*—2x—2

0Odd degree polynomials:
¢ Left and right side in opposite directions
* Positive (+) leading coefficient, left falls, right rises (‘positive slope’ like x%)
. Negativje (-) leading coefficient, left rises, right falls (‘negative slope’ like —x*)
pdt

Y
flx)= ZQ 2x'+ 1 —x-1 f(x)=m,\é)f%c2—-3x+2




- 'Zeros of a polynomial:
A zero is an x value where f(x) is zero:

The following are .allneg' uiva[ent statements:

* (a,0)is an x—mtercept of the graph of f.
* x=aisa zero of the function f.
e x=ais a solution of the polynomial equation f(x)=0.

L . . (x= a) is a factor of the polynomial f(x).
:_j_ﬁ.f -Zeros heip m sketchlng the area between the left and right hand side behavior.

"'_';_'._"Findin'g zeros of a polynomial algebraically: Set {(x)=0 and solve for x. {factoring often used)

J=x-x"-2x=0 B f)=x'~dz* =0
X ( ¥ = VS P ER Y L(Xz._a()f' =
K{, w ffY?‘»H) w2 }(Z( E('E'rl)(}\‘"?-) -y
By, ° eenl; O

& —1.

_ '-Muitlphcny of a zero: how many times that factor appears.

- ‘Multiplicity of a zero affects how the curve behaves near that zero.

j.._The higher the multiplicity, the ‘flatter’ the curve is near the x-axis, and:

RN X1 _ R
Multigllc;ty = 1 — curve just crosses x-axis at the zero: f(x)=x(x—2) \ : /

2eiosi O [mubly il 1) 4
2 {mutbipticty = 1)

X byt 2n =5
Multiplicity is odd (>1) — curve has ‘inflection’ at the zero:  f(x)=(x—2)°

Crosi5 and Zaost 2 (mallphal=3) 1
c}\ﬁj\jﬁj curq@gmw& B e

/.,

. ZX
Multiplicity is even — curve ‘tangent’ to x-axis at the zero (just touches): f (x) (x-2)

Zews' O (maldyglialy=2) ] /

2 (amlhplicity =1)




" Procedure to sketch a higher-degree polynomial:

P 1) Use Leading Coefficient Test to find left, right behavior. Add lines on left and
right.

2) Find zeros and multiplicity of each zero. Sketch behavior of curve near zeros.

* Set {(x)=0 and solve for x.
»  Factor if possible, quadratic equation if not factorable.

3) Pk_)'t_:_a few more points if needed to see behavior in between.

(S “* 4) Connect lines up to sketch.

o :'..E'xample: Sketch f(x)=x"—x*—x+1
(o) ==
W x-D= (=)
(DO
(%=1 X400 -
SRR ( N
%&»@;& T ki)

Example: Sketch f(x)=x®—-2x°
5
X { %-2)
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Jewec O [ éf}?ﬁ @Y )
2 (wart=1)




HAlg3-4, 2.2 (day2) Notes — Polynomial Functions of Higher Degree
Finding a polynomial function, given its zeros:

Just write as factors, then FOIL: L= (+- D\ ME}
= (%32
Example: Find a polynomial function that has zeros: 3, 1, and -2. 42 Y +3x 4253 P+

fp(ﬁ) xagtosxih

Finding relative minimum and max1mum points: Cﬁz‘fﬂm@
Two ways: 1) try points
2) graph W|th a calculator and use trace feature. &— @65/ jest
v Tl o (=12 fmhnz‘)) {hziwhﬂg')
Example: Find relative minima and - maxima of f(x)=x"-3x*+1 ) P '
i . K o Weon maen: @y
Intermediate Value Theorem:
' ‘ Can use to approximate zeros:

f(b)]
S TS ' : f(b) positive
o /f(.a_) zefo . 5
= f(a) negative_e-
a b ' c

If you can find where the function changes from positive to negative or negative to positive,
.. thereis a zerg in between those x values. You can use your calculator's TABLE feature for this.

' Book example: Find 3 intervals of length 1 in which the polynomial f(x)=12x"-32x*+3x+5
is guaranteed to h‘ave a zero.

s Enter the equatxon in the first y= slot {for y1)
e Press 2"™-Window to get the TBLSET menu. Set ThblStart= -10 and aThl=1.
* Instead of pressing ‘graph’, press 2™-graph to get the TABLE function.

This displays an X, Y table. Use the up/down arrows to scroll through the table.

The y-values start negative, but-switch to positive somewhere between x= -1 and =0, and then
switch again between x=0 and x=1, then switch again between x=2 and x=3.

By the intermediate value theorem, there are three zeros: somewhere between -1 and 0,
between 0 and 1 and between 2 and 3.




HAlg3-4, 2.3 (dayl) Notes — Real Zeros of Polynomial Functions

There are a number of procedures that allow us to factor larger polynomials or find zeros of
polynomials. We can do these things graphicalty with modern tools, but techniques were
developed in the past to speed the process. Some of these techniques are still worth studying.

2%”?1 ey
Dividing Polynomials: TN
Remember long division? 100+ 3 3 ( D’O wj3§ EY
- @l\\f‘&w“ g\mak@ﬂ;éw
+ e rewaisle EnT MY
3 2 =
. L X +H4x"—-3x-12 Y3l afave 2pern
You can also divide polynomials: N T D
Hr?ei
e f’e‘mfimf ra
(X,i_.ls g
x? — %
in *H'MMWF P12 X [+ o 0B 052 055
If you have missing terms/\you need placeholders (0 terms): = ¥k X3
_ v DN
[ -x} =X
Mz - %+

ICox 45

Synthetic Division:
A way to divide faster, if divisor is x — a.
Procedure: :
- Put thé ‘a’ outside the bracket.
- List the coefficients of each term, highest to lowest, left to right inside the bracket (msert
zero terms where terms are missing. )
- Bring down the first term.."
- Multiply bottom number by outside ntimber and place result up and to right (dlagonal
multiply).
- Add this to number above and put result below.
- Repeat until the end. :
The numbers on the bottom are the coefficients of the quotient. The last number is the
remainder.

if the remainder is zero, then a is (x-a) is a factor of the polynomial (a is a zero.)
You can use synthetic dms:on to quickly test if a number is a zero/factor of a polynomial.
Examples:

3x" —16x* =72 o 5xP-17x-12
x—6 a=zé x—4 A
%:}3 “ié_» O -3} YIS =i -t
L8 e 7 ‘ _ 2 h

:

)
L ¥
&

5 N e

Bl ax 4 ir fewwnde O S¥ ot 3, remaindes O




Two theorems help us use the results of -polynomia_l- di'\}ision:

The Remainder Theorem: : et
/{ If a polynomial f(x) is leided by x “k, the remamder e f(k)

You can use synthetic division to: qwckfy evaluate a functson Dlv:de by x —k, and the remainder
is what you would get by computlng f(k)

...2.’5 g5 -7
a6 = -2
3 2

I Eq) £(-2==1

Example: f(x)=3%" +8x +5x 7 Evaluate f(-2)

The Factor Theorem:
If f(k) = 0, remainder = 0, so (x ~ k) is a factor of the f(x).
{Use synthetic division to quzckly compute f(k))

Example: Is (x— Z)afactor of f(x) 2xt +7x Ayt 27x—18?
A e e
{ y 7z 3415 /\mum; 1 iges k-2 afacke
2 11§ 1 1
253 i Ex g
- Practice examples:

(K_zj(ZX;-HI Y 4+ 8y «M”)

. Use synthetic division to evaluate f£(4) for f(x)=x*—x>—14x+11

/ y i -4

Tz (D ij{;g’“\gy %M)

TR T

Show that (x—2) and (x+3) are factors of f(x)=2x +7x’ —4x* ~27x-18 and finish factoring.
2 T e A T 4 .
¥k 38 ¥
o 3 A o e
(K'2~> (2%§-§» iyt athe 9 >

3| % Nty 9
P N o fj Py

(<-2) (i3 )(2xt 45043) = @*”é‘f ){w&{»mﬁ)ﬂ
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: .H'Alg3-4', - 2.3 (day2) Notes — Real Zeros of Polynomial Functions

' ~ More procedures and theorems that help in finding zeros (factors) of polynomials...

Descartes’ Rule of Signs: Determlnes the number of positive and negative real zeros of a
polynomial.

# of positive real zeros = # of sign changes in f(x) or is less than that number by a multiple of 2.
(Find number of signs and keep subtracting 2 until you go past zero — see example.)

# of negatlve real zeros = # of sign changes in f(-x) or is less than that number by a multiple of
2. (see example )

Examp[e Use Descartes Rule of Slgns to determine possmle number of real positive and

negative zeros of the polynomial. f(x) = 4x =3x’ +2x-1 _ {‘”?‘)m XY 30" e )
J \_)-;—:-:Id . -{'(” = _L/XE‘-SJK —»22‘("“;
6 A A e ohan
. e | B’ 3. 1 o O Ve
# posichve ceal B, 3, e negaus rtal Bevss)  ope

Rational Zero 'fest .lee’s us a list of possible rational mé of a polynomial. Limited to
functions with only integer coefficients and lists only the possible rational zeros (there may still
be irrational zeros this procedure doesn't list.)

Procedure: look at the ‘constant’ term (last term) and coefficient of first term (lead coefficient).

i ,_;.\\'

* factors of last term
+ factors of first term

‘. Possible rational zeros are:

Example: Find possible rational zeros of f(x)=—-3x>+20x"-36x+16

Factors of last (constant) term: / i) 1,2,4,8,1%

Factors of first (lead) term: Q—-?,) 3

x| B R =)
&y,353

Bounds_ of Real Zeros by synthetic dw:smh . Select a pOSSIb|e zero, ¢, and do synthetic
division of f(x) for x —.c.

_ , bp 4y g dg hE 2%l 2L Rk
Possible rational zeros: ER P R gy -%/ 3, &

o Ifc>0, and each number in last row is either positive or zero, then ¢ is an upper bound
for the real zeros of f(x). :

e Ifc <0, and the signs of the numbers in the last row alternate (zero entries count as
positive or negative) then ¢ is a lower bound for the real zeros of f(x).

Examples: For f(x)=2x"~-3x"—-12x+8

show x=4 is upper bound show x= -3 is lower bound

g |2 -3 - ¥ —312 =3 -2 8B
g 2o Fz ‘ - TF oS
Z 5 5 Yo 2 =g 1§ 2%

\\f’”““y"’m M
aft !ff‘@’& e Q;jﬁ i Hewate
real
So L! is uﬂ)gy b o of &4 domf Bo wd |5 [@wgﬁy é@bmﬁ 2 r#eg »Q&m»

wil real tewrs aee & %f;} {ﬂ§§ beal Bovat e & W*}




'. Procedure for finding real zeros of (factoring) a polynomial:

1) Use Descartes’ Rule of Signs to narrow down the number of positive and negative real zeros.

2) Use the Rational Zero Test to-give a list of possible rational zeros.

3) F;nd bounds use svnthetfc lelSlon on some posszbte zeros to see if you can ehm;nate some
from the [ist : =

4) From the list of possubfe zeros fmd one that works

' Possible strategies: -~ © = =~ :
- Check with synthetic division (remalnder =0meansitis a factor — Remalnder theorem).
- Plug in a p0331ble zero If f(k) =0, k is a zero (by the Factor theorem )

5) When you have a quadratlc !eft use tradltional factorlng_technlques to fac:tor completely

Example: Fully factor f(x)=6x3—4x2+3x—2 P
Dpfn:w%ﬁ; ﬂ.wl@ Al )= é}ﬁ L(;e LR e & gfwg{}*““‘f’ )P B ] 2

S e Pl bn? ‘?"‘f”'“"“‘fa“
N 3 o . . k?\?b C‘As%r\)m) o
FToRy ol - el goe
. 1) Rociond| g Tert (o Hoam = =2, facha |t 12 s ELEE
- . 1 / o f ‘ﬁﬂkﬂ,ﬂ?@‘ dey A2, =
L Co oﬁdv,l;--» bt iy é y; ?(Z’fﬂfl““'%ff i ], 2? 3;5? !
- {gfﬂatﬁi ﬂ@ge@f!ﬁm&)
]
l ’Z, 2'/‘ i"u’ Zé[ &
3) Bounds * Ang [ 4 =1 F -2
ST e e ¥ ‘
; {gwms‘:“w / ,% gﬁ;’? [ {5 net & »?c@.a;@

¥ 0 2
é 0 3 O 3/5.@4@»
| (éxz‘ w2 )(x-%) |
i’f} " (¢ 32'4«:}‘?” (}@%)
[ 3203 %)j

T e —




HAlg3-4, 2.4 Notes —~ Complex Numbers

Find the solutions: )
X +x-2=0 o xP=0 x*+2x+2=0

| _ —1i/12 -4(1) (-2) _0+,/0-4(1)(0) —21,/22 - 4(1)(2)
T TN = 2(1)
~1++—4

2
x = no solution

Some quadratic functions have no real solutions (negative square root in quadratic formula):

Mathematicians expanded the number system to include new numbers so that equations such
as this do have solutions (but they're not ‘real’ solutions.)

Definition of imaginary unit, i: i=+=1"

And...

P =Pei=(=1)i=—i
it =i =(-1)(-1)=1

P =itei=(1)i=i

In above example, factoring out the square-root of -1 lets us define solutions:

- 3 g"'“*w,%érffu

—p 2 ) S
*z L..azi L 7 galahest AU anel T3 -

] EZN




Extended number system:

complex
/\
real imaginary
rational irrational
|ntegers* fractions
Standard form of complex numbers:  a+bi i‘?i—%é
Examples: B : 7 %\i
If a = 0, number is pure imaginary: 3¢ fjpgw gw S
Ifb =0, number is pufe'réali - exany los V- 2-3¢

Properties of Complex Numbers...
Equality: Two complex numbers are equal, if their real parts match and their imaginary parts

matoh: - 4 3¢ “’“’“’%&-ﬁw?ﬂ | By # %‘”f”g\‘
L mem% Aii ﬁmﬂﬁ?w m@i“{féﬁ

Addlnqlsubstractmg Add (subtract) real and lmaglnary parts separately: .
[ZJr%J{’(‘HL) S (g _20) (24T} = ¥—SC

ing:. Treat real and mnagmary part as separate terms and multiply using FOIL:
(2‘}“’4&) T 52-%*3&)(“2 %
(5;.:’!} . Y- gb+égw!2¢
Y=zt 2

. 1

-2 |
oniuqates: Same real part, opposite imaginary part:
242C
370 @ Geaplx ﬂ@ai%jéiﬁlf’f

Dividing: Similar to ‘rationalizing’ a fraction with radical on bottom, you multiply top and bottom
by the complex conjugate of the denominafor:

() () | goiiele RE 2L BT e o

O ac e T

{ 240 ) ( 2=t q ~feAfe - m}a i 4t
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Real numbers we can plot on a number line:

~7.5 7

The 'number line' for complex numbers is a 2-dimensional plane called the complex plane, or

Argand plane. Plot the realpart on x-axis and imaginary part on y-axis.

ﬁ% Ta)

®

i
1
1
]
&




H_Alg§-4 2.5 Notes — Fundamental Theorem of Algebra, Complex zeros

What are the zeros of this polynomial.. L fx)=x 24 0x43 =

7 Y= _3‘”“} \ffg"w“{{f‘ﬁ‘ ﬁ) -1 ‘Hf -t Vg mg‘«é\ﬁfj@ﬁ -2t 2&2 ¢
S O v F T o

W X

Y=l 2o —i~Jed
/
You can have complex numbers as zeros.

Fundamental Theorem of Algebra (Gauss, 1799)
“If f(x).is a polynomlal of degree n, where n>0, f has at least one zero in the complex number
system‘ ' S :

s From thls it's possible to derive the Linear Factorlzatlon Theorem:
- "If f(x) is'a polynomial of degree n, where n>0, f has precisely n linear factors:

Jx)=a,(x—c)x-c).(x—c,)

where cl,cz, ,c are complex numbers

(Degree n = number of factors = number of zeros. )
S Examples

-Solve ¥’ +6x-7=0 Find all zeros and factors of f(x) =2x’ -5x* +12x -5
hor mmf '?’&D'A?i‘“j’ £‘ /‘i.}”}m"rn/ ”#é:&‘?é?f,,f 0 ff i
EEa ; factbos A,

. N . - o £
éyof.né(éi r&"ﬁﬁ)ﬂqi Ry % - E= I’;‘T“} / ol “§ {ﬁ‘"qg
i, e

| drg i 25 o=y g % f 2 =5 g -

3 1'»(\1 l ’ ﬂ é ""“:;L ! 7 7 mg ﬁ? | . N‘L W:Z? e
i3 | T I R ¢ 2 w‘;l P 5

&

b | % 0w
- , K - )
(%“D(mf%) (x )(Z’x Vi tee)
LW\#{N‘;\‘ ’é;fmw{a( | ) ?‘ke@{gf‘%@gc%ﬂw&g

I+W

e T T

YA T

m@fﬁ - v
MMM\I:% - { J-‘JN i . - "fﬁ”é’{ (f_'f:gt‘ .
e e TTE
T = T e oL A /
- ¢ 2005 N

: Dol - sd‘“w o fE
Jg BEE, ) ef% = N i - ”Sﬁ Ll




Complex zeros occur in conjugate pairs (if original polynomial has only real coefficients).

Example: Find a 4" degree poiy-n'omiat with real coefficients that has 0, 1, and i as zeros.
L= x(x=) (x =) o
’p(‘(c) =3 (2{ Z”kw({\)( ‘Kf%’{--) G ﬂﬂd %Cx’
"é(}{:} = %{%%Fz’wgg -
T = et |

Some terminology'é's'sociated with zeros, factoring and polynomials:

- _'!__inearlql__la_d'ratic factors
" From above example, factoring f(x)==x"+6x—7, when we determined that 1 was a zero, we
- wrote:

F@)=x-DE"+x+7)

(x-1)is a linear fécto'r_ __
(x* +x+7) is a quadratic factor

‘Write as a product of linear factors’ = keep factoring until all factors are linear factors (real or

complex) . | . o mutplicity 2, but A « baess foct
Other examples of ‘linear factors’: (x-2+i), (-2)y<~ Lol wtle 45 {K%}( Py

" Irreducible over reals / Irreducible over rationals

Factoring f(x)=x*+6x> =27, yields: f(x)=(x"+9(x*-3)

S
How much farther fo factor? = x%9=# W3 mo
— x=Hf5
A
¥ =3¢ {0 xAE)

(}c+~ 20 -3 0

Fx)= (" +9)x* +3) — ‘irreducible over the rationals’ (can't factor any more unless we
go beyond rational numbers to allow radicals)

f(x)= (x2 + 9)(x +3 ) (x -3 ) - ‘irreducible over the reals’ (can’t factor any more
unless we go beyond reals to allow complex)

(- £ =(x+30)(x=31)(x+3)(x -3 ) — ‘fully factored’ or

‘written as a product of linear factors’




( 2420 )~2+30)

<y -9

toesidzon)
3

i
i

Fmal example Find all zeros of f (x) x ——4x +12x7 +4x - 13 glven that (2+3i)is a factor.

dt\l\dﬁ th'\? ,?}m—%@fu('; xft vgj amg

2430 e 3
| L' 2430 3 230 /3

f""ulvi | s Sl ze3d @
Qéé«? 2N .
B .
Lq?'zm%-'%cl ) =238~ 23
2-3¢ & -~
i O Y A e
oy o
Y-t
Y&z
N
VAR Tt

5 Zeoit L, -l 2430, 273

t,ﬁm’ma f%g Mw O x=2-3)(x-243¢)




