‘Differential Equations — Lesson Notes — Chapter 7: Laplace Transforms

7.1 Laplace Transform

~ {Aquick diversion from Differential Equations to learn about & related topic which i the next
.. section we will be able to use to soive Differential Equat;ons )

Transforms

" Atransform is-a mathematical operation which operates.on.a funct;m totransformittoa
different function. The transforms that we've encountered so far transform a-single-variable

function into a different single-variable function, w:th both input and: ou?puz having the same:
variable:

Vettical Stretch: (%)= 4f (x)

Horizontal Shift: g (%)= 7 (x~2)

Derivative: f(x)= hm wn) (%

Integral Transforms

ral transform is just & fransform which involves.computing -an integral. Our:standard
a ntegral sform and the resultis based on the undoing the derivative, sa it is

| tiderivative {and the definite integral has the mterpretatlon area under the input
fnmtio curve}

A

vlniegraf; F(x}mjf(x)dt

Definite Integral: £ (8)~F (a)={ /() dx

@

Linear Tfahsfdﬁns

A tr‘ansformailon is linear n‘ itis true that when the input to the transformation can be written as
separate terms combined by adsimg {and subtracting), the output is the result of adding (or.

subtracting) the transformed terms. Derivative and thtegrai transforms are linear transforms;

g;[f(x)ig(x)]

j (f (x) ig(x)) dx ““““'J. %)




Multivariablé Function Transforms

The notation convention for the: resulting ot
capitahzad
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The Laplace Tran&form is'an zmegrai transform with the ketnel funcﬂsn K(st)=¢
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ihe Laplace transform of sin.2¢:
> twice and this is the form:
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“The Laplace Transform is a linear transform

forfn and take the Laplace

An example
i;}s" 31'5/}, welll 'ﬁ?f}"t'j a '-i;apiace-irahs oiiT by using the-table. Let's dothis one together:
»fst""”‘*e ‘”!“5
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Laplace transfornis of piéce-wise defined fiinctions

Why are we learning about the Laplace Transform?

Because in the next section we are: going 1o define the Inverse Laplace Transform and learn
how to take derivatives of Laplace transforms, and we will find that whien you fake the
derivative of a, E.aplace transform you get the same transform but: multtplaed by another s

' Thrs means:that if we have a-differential equation, we will be able to take the Laplace
v ’transform of it whlch will convert itinto an algebram equatnon We will then be able to use

N

"»functsons like an: lmpulse which is zero unh?;
driving. function would net have & continuous derivative, buty nuse the Laplaca trar\sform
for piecewise functions to-model the driving fuactsan and to solve the dlfferentzal equation.
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7.2 day 1: Inverse Laplace Transform
- Inverse Laplace Transform

3 {Y(s» y(z)

£ ()

..and we usually’ use a table fo find the (1) function for a given Y(s) function...

Sometimes ‘we need to adjust the constant to ﬁnd a match in the table

We sometimes.need to make sl;ght adjustments to a given Y(s) function to make it " '\\
match the form in the table: i,

= wz{ i }_ = gt {i}z - S*zs
X I +9] 57

12T 2§23

The Inverse Laplace Transform is a linear transform
Like the Laplace Transform, the inverse Laplace Transform is-a linear transform;

X {H) ey )=

«80 you -can transform term by term separately
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We often need to use partial fraction expansion
To spht up numérators with multiple factors in order tc> match to the table, use partial fraction
expansion:
a2 Aoy | BEED
(SW:Z)(A“‘I) S-2 +37] S5—1 (s-2)(5=¢) (s~ Y §m10
l >A3 —p 4B S —2€ » A+l o B=_a
| = lar@)s + (~A-28) ~A26 =) C —p—2la)=i

'You are welcone to use online Partial Fraction Expansion calculators, such as this: sn\é - 4"/ B==1

s O

https://www.symbolab.com/solver/partial-fractions-calculator |
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a@ /‘I/

(-5
(There is a link to'this on www.mifelling.com in the 'math applets & resources’ section)

One more example
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7.2 day 2: lnverse Laplace Transform-of Derivatives,

using Laplace Transforms to:solve Differential Equat:ons
Laplace Transforms of derivatives

Differential Equations involve:derivatives,-so in order to'explore how we can use

Laplace Transforms to help solve differential equations, we first must know how
Laplace Transforiis of derivatives work.

The Laplace Transform of the defivative of a. funci ion can be found usmg the definition -'
ang mtegratmg by- parts

Transform of the originat 4

i function,. minus the mmal conditson of the funct;on



simnariy forthe Lapiace Transform of a 2nd derivative of a function:

u= a*‘ dv=f" {s)d;
 du=-—se “dt v=f (:)




Using Laplace Transforms to solve Differential Equations
The reason Laplace Transforms. are so powerful
derivatives:are transformed, the result is an: aigeb

things to'solve the resulted transformed equation for Y(s
return-to-the kdomain. .

50} ving fferentzal equations is that when
i hich-means we can manipuilate
 then apply an inverse transform to

‘Solving Differential Equations with Lapiace Transforms:

1) Tak thie Laplace Transfori of both sides:of e DE.
2) Solve algebraically for Y(s).

3) Find the solution y{1) by taking the Inverse Laplace Transform of both sides of the result.

1'Ekx;&m_gi‘ésff‘a%:sohiing .;aiﬁ‘erein'ﬁai equations using Laplace Transforms
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(we could have used earlier techniques here...)
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7.3day 1: Laplace Transform Properties: shifting

'Properties turn out to be useful to solve more complicated DEs

The Laplace Transform has a numberof propertkes which are very usefulin solving more
complicated differential equations, especially ones in'which the driving function on the
RHS is not:smooth and continuous., _

usmg some of the: pmperttes of the Lapiace Transfarm
Laplace Transform /Inverse Laplace Transform with Shifting

The following properties can be shown tobe true...
2{ef (O} =F(s—a)
£ {Fls-alf =7 (1)

Shifting in the s domain is equivalent to multiplying by an-exponential in the t domair.
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7.3 day 2: The Unit Step Function
The Unit:Step Function:

“The Laplace Transtorm is parficularly useful for solving DEs when the RHS driving
“function is:piecewise defined, with abrupt changes in behavior.

We can model functions in fime which change: behavior. aﬁmpﬂy by usmg the Unit Step
Function; which is deﬁned asfollows:

. 0, 0<t<a
w(ia-{y "5

zt(tfa)

a funiction t;o startata rew tirme..

You can cause

s that it started at a new time, &, and is zero before, you multiply a
sn-of it by thie Unit Step Functuon

Y




You can-cause a function to:stop ata specified time...
To cause a function 16 be dpplied for a specified time and fhen stop, you ;
! to.the original, but:one which begins:at the specified time: The

3 negative version of
itive and negative

'verseoné of the functionthen:sumto zero;

(1)

fleyalt—a)

~F(Ou(t~a) |

So'wheén yowadd this t6
the original funiction...

You 4 can combine these ideas to get shifted or non-shifted pieces of the function..,

! (l)

F@ult-a)-7 (Wule-5)




7.3 day 2: Laplace Transform Properties: shifti
Laplace Transform / inverse Laplace Transforr

inction in the't-domain

_Ea er, we described the result of taking t
' : ! Transform: of the

funct ion, b but shifted (tr&nslated) nthe s-axis;

Now.that we've: explcsred thie Unit Step Function, we can define the Laplace Transformof a
ﬂmcnen which is-translated in the t-axis;

Z{ f(t= a)u(t—a)} =e®F (s}
| ff{e“’F W= r(t-a)u(t-a)

form of & t-domain function: shifted by:é il
e Transformof the. functton but multiplied by 1

ltiplied by the Unit
‘exponential

Sometimes, we will: need o take the. Laplace Transform of justa. Unit Step Function without-any
additional function multiplied, which is:

Itis easiest to understand these properties by looking at examples showing how they are used...



o D
Ex) Find z{ez""’u(th)} = Z 35 &2

BT

* Laplace Transform examples |

=2
3

L) 22t = fS:u—!

_ os- _ d,—«*lj S

.g—erS 2 fs,‘n(;l:-l»?—‘ﬂ‘); bat Sh (f2m)=$R ()

-
—

2775 _lﬁ
c

b
—

SEt|

—




Inverse Laplace Transform example
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Another solving DE example
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7.4: Derivatives of a Transform
| Summary of Laplace Transforms of derivatives
~ - Earlier we leamed that Laplace Transform of a.derivative of a function in £...
Z{y(0)}=¥(s)
X{y(O)=s7(s)-»(0)
2 (O} =5 (s)-(0)-¥(0)
2{ (O} =T (s)~s2(0)-5/(0)-5(0)

esults in multiplying the:s'side function by multiples of s (along with some Tnitial conditions).

What would happen it we took derivatives on the s side?
Bertvativas of a Transform
: n be shown to be true:

R4

F aLaplace transform function is equivalent tothe Laplace transform of the.
but multiplied by a power of f (the power equals the degree of the derivative).

his ‘expandki"fmcficn&fwe canfind Laplace or Inverse Laplace Transforms for in the RHS
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This is also: helpfui when we have to take Inverse Laplace Transform not in‘table
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Extended Laplace Transform Table
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7.5: The Dirac Delta Function
Is the Laplace Transform of any function =1 2
The simplest Laplage Transfort shown initie regular table is

Is there any-function whose Laplace Transform would be simpler than 1/s, for example17?

The answeris-yes, but it isn't'a normal function.

Unit Impulse

So far we've been able to.use things like the Unit Step-Function to allow for driving functions for
differential equations which are abruptly turned on or off:

wanted tomodel something like the vibrations of an object it it is struck by an
t? Where there is & driving function but it acts only for a brief instant in

ly—agi<ty+a

t2l+a

AN



The Dirac Delta Function

Ih-practice, e instead work with-another type of unit impulse, a ‘function'that approximates the:
Unit Impulse Function but’is defined by.a limit:

5{t-1)= hmd(t ~1,)

)

As.adecreases, the he:ght of the-unit impulse function increase to match so that the
] & function curve remains 1. This means thatin the limit, the height is
appmachmg infinity as the width s approachmg zereg_

o@ttﬁ

.-and:this special unit impulse is c&IIé&féth’_eig,Qir&cfﬁéﬁafﬁf netion.

ltoveran
nother object.

netion whose effect is |
in-object is 'strug

We can use this funiction to represent a driving
infinitesimally small penod oftime; Tor examp!eE

Laplace Transform of the Dirac Delta Function

canbe shown (separate PEDF available on website) that the Laplace Transform of
the Dirac Delta Functionis:
{§(t 1 )} o

{Like' the Laplace Transform ef the Unit Step Function; but without dividitg by $):

Andif 7, =0 z {5 ()=
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beg nnmg atthe pomt where the mass was when stmck»;
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