Differential Equatlons — Lesson Notes — Chapter 4: Higher Order DEs

4.1: Higher-order linear DEs

In this section, we first identify some important properties and theorems we'll need
as we learn various methods in the rest'of the chapter for finding solutiokis fo
dlfferem forms of. hngher-order differential equations.

Initial Value :walems (IVP) vs Boundary Value Problems (BVP)
. Forfirst-order DEs, we know that an Initial Value Problem is one where
in addition to the DE we dlso specify the value of y and y' at a single ...
Forthe DE: y'+205 =0

We could find tfiatthe family of o L
solutions (general solution) is: X+ C

But if we are also given the
initial condition:

We can solve for the constant: (= =]

.to find the-particular solution: Y= 71

Also, there was a theorém that guaranteed that if certain conditions wete miet, ther this
3sotut:onwouid be:unigue over aninterval,

For higher-order DEs; sometimes general solttions will involve only a single constant,

Forthe DE:  x°3"=2x)'+2y=6

We could find that the famuiy of i s B
solutions (geneéral solution) Is:. y= Cx™ +x+3

But if we are also giventhe 4 1) =3 agnd v'{0)=1
initial condition: HO)=4 and (D)

coefﬁczents of a!i the denvatzve “terms an:

In this example: xz, ~2%, 2, 6 these coefﬁcaentda go t@)ﬁiize:ra-atf‘xj& 0,

so there is no unique:solutian over any interval which contains x = 0.




But for higher-order DEs, most often the general solution will contain mulfiple constants...
Forthe DE: P 4+16y =0

We could find that the famiily of
solutions (general solution) is:

To'find a patticular. seiution aﬁen we dre gwen the values of ¥ and denvatives of y at
multiple valyes of %

16 problen is called a Boundary Value Proble

The reason-this distinction isimportant is that Boundaty Value Problets may have many,
‘pre, or o solutivns: ,

(We won't be doing @ lot with this in this course; but | wanted to.mention i for completeness).
-'Hamagesneous«-:vs.fﬁ-i\iiﬁn-—hdmdg‘eneous‘i'«la‘_Es~

One f;hmg we wus referfo frequenily is whether or not'a differential equation is.

n-homogeneous. This is very straightforward: A linear DEis
the right-hand-side function is zero:

a, (x) Y va,,(x)

ot a () L (x)y = (2

3

homogeneous:

Non-homogeneous DE: (xg) y"+(8x)y'm5yw2x2

cotresponding hortiogenesus DE:  (x7) "+ (8x)y' =5y =0

Superposition Principle

It ¢an be shown that for a homogeneaus linear differéntial equation, if you can find muitiple
.seluhens 16 -the DE, thén the linear com’bmatieﬁ of these solutions is:-also a solitioh:

Ifyl” Y5 seen Vg W@S&Ifﬂlﬂm Gf + line

ear homogeneous dzﬁermﬁal aqzmtzan
then y = 6y 4,y +:. Gy Yy ds also a solution.



Chacking for Linear Dependencelindependence - the Wronskian

Ifwe have a set of functions that are each soluti
‘could Be lineary combined to alse form a solutio
‘set will be linearly independent of one-another: _
Lméarly mdepandsnt means that no function can be. formed by it péymg any other function
by-a constant,

differential equation (and which
n-be shown that thefunctions in'this

As an analogy, this s s e idea of a system of
Conisider this system of two linear equations: ’

t;a’aons

This. system has & uniguie solution - there is
an intersection, because the lines are. not ;
paraliel )

kpress this idea. you can't find a constant to multly the 2nd equation by

This system does not have s unique sclution
because the lines are goificident:

3 g z&

Other ways 1 to express this idea; you can fird & constant to muitzply the 14t equation by that
would tufs it into the first equation:

3(2x-+3y)=3(5)
6x+9y =15 s the same function as 2

Also, T you sslved this systein ‘u“si‘nQ'{.Gfameﬂs’ffuie;,ﬁa%l thé determinants are non-zerd:

We don'tfiave unique solutions when the determinant associated with the coefficients of the "
system have a zero determinant (and interestmgly, these coefficients happen to be partial
‘derivatives of their respective terms), ) /



cneckmg for Linear ﬂe:pe‘m!‘en‘ceﬂh-dé,pe‘ndeﬁ’ﬁe-,ifffiiéi:wrbﬁsié?an ;

"mta another other functién inthe. set When' consrdenng more tham 2 funchons ‘thisis:
. ‘equivalent to stating the following:

Asetof functions f;{x), fg(x)f,,(x) ":i.fs_;._liﬁ@?l?-di%péﬁé@ntfnn;san interval [
if there exists constants ¢,; Cyaeii,, oLl zero, SUC that:
afi@)eufs(x) e, () =0

forevery x in the interval. If the set of function is ot linearly dependent upon the interval,
then the set of functions is linearly independent.

[suppose each of
'The Wroniskian of the finstions is defined to be:
WAL= & & -

j;(ﬂwi} fg{#%*t) L f(awl}

If thef?‘Wronsklan of a:set of functions is non-zero, the set of functions is linearly

efuneﬁOHSﬁ(x), f2(x)f (x) possesses at least 1 - 1.derivatives.




Let's see how the Wmnsklaﬂ works using the two. simple Eme‘ar systems we considered:
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o &F
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= 0

Since Ao Winnskinn & zew, Thif sebvf unchond £ Seferdest



Ex) Determine whether the set of function:

dependent on the interval (0,00)
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Solution to linear homagenous differential equations

differential equation on an interval ./
on the interval is:

y=an(a)ren ().

12,000 57 are arbitrary constants.

Our textbook;v‘do'es'n:‘t ihéi&dé‘é‘-prodf of this, but doés describe-an 1inierésti’n>g’ ’énalogy
The:underiying reason why this works'is: sxmﬁar’.tofthe,way a vectorin 31 space canalways

be expressed as alinear combination-of a.set
mdependgnt (orthagonal)

othervectors; as Iong as thase vectors are

Se..solutions to homogeneous equations will involve adding together multiple functions, each

multiplied by a‘constant. (Settmg these constants differently will ‘produce different particular
solutions for'particular initial values or boundary condaémns}



smutmn to linear non-homogenous differential equatmns

The namhumogeneaus hnear dlffer tia

f '“-s“(x)

ary function, Y,

tial equation, then
lution of the

Y ss\caliect a partu:ular sahftmn Over ntewal the general
nen-homogenous differential aquaﬂen s pEREy,

o f:g (x) - xez (mae,,w)

::'Fif'%l’,’égg‘;!f'afifiﬁth@fiﬁéﬁfﬁ!féﬁiﬁlﬁ?i%'?é;l-‘sfdtuﬁan o ‘Next; verify the second function is a solution to the DE...

yex|—e? |+ (1)=—xe? +e*




i _ e. and t?nemmra ﬁhsse !wa
' z; fum:ifams fmm a fuﬁdamaat&z s@éﬁman

y=Ce? +C,xe?



* 4.2: Reduction of Order

For a 2nid order linear iDE* if we know one Sblu‘fiénsg-'.we-- use find a 2nd solution

If we have a linéar 2rid-order E}E and we'happen to know one ¢ olution; then we tan
use this solution and & procedure called “reduction of order’ to réduce the 2nd-
order DE to g 18t-order DE, and then tse.our 1st-order techniqués to soive this new
DE o oblain the v2?z'cifisaiut'mn'to,{t’héf",eris‘}%nél*-ﬁE;

_ Rediction of Order:
1) Given a 2nd-order DE and known solution y;, postulate a currently unknown
function, ufx) such that:

ys (%) =u(x) (x)

2) Take the first and second denvatwes of this new.y» funct;en (whlch w:il reduire
product role mui‘apies times).

3) Plug yzand its derivatives into the cmgmai 2nd-order DE. This will result in a new
DE with all the x's.changes to u's, and it will furn out that the: non-derivative u terms
will cancel out,

,uen is & solution of the given. dlﬁe;‘enteai equation. Use reduction of order to find a
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If the integration of the resulting function is too hard, you can use a formula instead

Because the steps are zféir!y{proc"esiwai,;_d&r.‘féxiﬁcéiéﬁevém?s mmm——

If you divide by the 2nd defivative coefficient to put the given DE in standard form:

(- suggest only using this if you gre’ h‘a_fv‘ﬂ"?ag di‘fﬁcuity with thé:ndrmaj A



4.3: Solving homogeneous linear DEs with constant coefficients
~ Fora2nd order linear DE, if we know one solutions, we use find a 2nd solution

For linear homogeneotis equations of any order it

‘can usethis. section's methad to solve.

alt coefficients are constants, we
fsuch a D would be:

29" =3y + ¥ —dy=0

The method pmsemed consists of raprasen’tmg t ',QE wzth a cormspondmg algebra

:equatzan solution for the zeros of the algebra eqis tion, and then using these resultin
‘some standard forms for solutions.

(The procedure is presefntge_&f here without derivation. If you ate interested in the
background about why this works, thete is a separate PDF with more information: )

Procedure for solving higher-order homogeneous linear DEs with constant coefficients
~ This procedures works for any order DE, but we will use a 2nd-order DE for illustration.

DE: @ +by +ey=0

aauxiéiary eﬁuatmn* ramz', +bhmvc=0

jision m ch@t;k and te ém

mibination of m values wh;ch are zeros (roots) of the. auxlhary
ree possible ways:

-3) This will resu
equation, and

a) Single (distinict) real roots, and for sach you add to the solution a term qf-tha*fam
HHX.
Ce

b) R@peamr:i resl mam (muit;phczfty = 1,) f«fc:ar the first cepy add a term of the form C e

Af the mi values are written in the form: M= @
fr'each pair, add to the solution:

C,e™ cos [x»«;— (3'2 * sin ﬁx




Examples...

Firid the general solution for " —36y = 0
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Find'the general sclutioh for y,,+9 m{)
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~ 4.4: Undetermined Coefficients (solving non-homogeneous DES)
Solving a DE with non-zero right side (nonhomogeneous)
In order to sojve’ nanhamegeneaus DEs;wewilly vasman principle‘that if

B  we can first solve the corres;sondmg homoge_ SBE ami thén find any pamcular
solution which mciudes the right hand s_wie thent ,_;cempiete generai solution will be!

ym)}‘)“}‘“})ﬁ N ‘
where y, is the solution to the corresponding homogeneous DE
and y, is any particular solution of the nonhomogenous DE

is orie method we can use to find this
lingar-and has only: constant coefficients,
inear combination of only polynomials,

£

The method of undetermined coeff’ielen
solution which works. wzi:h ’sém original. DEﬁ j
* and for which the: rrghtwhan side fync
-exponemlat and sin or.cos function terms,.

So'we could use -thts ‘method for DEs like '%fi‘es'eq.._
2y 4y =2y 43y =4x7 Pe? 2cos(3x)
29"y =2y 43y mZOx -+x—-4e3*"+4zces($xf)
sibut notthese... )
2" +y" -2y +3y

274y =2y i3y= Loty

Solvmg a DE with non-zero right: side {(nonhomogeneous)

The way we find the partlcular solution; yo, is essentially to guess its form (weth its
owr-agsociated constants) and then taka derivatives, plug into the original DE and
establish the constants,. f we are able to establish constants which work, then the Y
wasvalid. We use the following table of forms to make the initial guess for the form

of Y-

g(ﬂ ————— éf}s?

L 1(any f:fmsmm}
2.5x4+7
5. sindx
6. cos 4x
7, ¢3% -
8 (Ox— e
9, ylgsx '
10. o3 sin 4x
11 5x%sin4x
12 x> Cos 4x




Method of Undetermined Cosfficierits Procedure. ”

1)Find the solution y. of the corresponding homogeneous DE.

2) Select a form from the table for v, which most closely matches the right-hand-side.
2a) Ifthe form matches any term in the y solution, then multiply the selected y, by x"

where n'is the smallest integer which allows the term to no lohger match a term in ye

3) Take all. denmttves of the soitziwzn Tequired to gziug into the ar;gmal DE.

4) Plug y; and its derivatives into the original DE and solve for the A B, etc. constants.

- 5) Solve the remaining equation as & system for the:constants A, B, etc. and plig in to
get vs.

6) Form the: general solution by combining: » =¥, +¥,
(this will still contain constants Cy, C;, etc.)
Initial Value Problem?

7) Take derivatives of the camplete general solution, and: plug in the initial conditions to
solve for C1, Cy; etc. to find the solution for the initial conditions.
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4. 6* Vaz‘iatian of"Pa‘r‘ameters

| Ifwe have'a nan-homageneousDE like this...

xzy”~{~:cy'~}~y xB

-We are-unable to use the method of undetermmed coefficients, becalisethat
pracadure requires that all coefficients of the derivatives be constants.

o S0

In cases like these, we can try the method -of Variation of Parameters

-(The procedure is described here, but if you wantto see the derivation of it (itis
- interesting), I've: pubhshed aseparate PDF with the details.)

2) Divide by the leadi

This may give a new right-t

oyl mow
SRy B

5) Integrate the derivatives of the u functzcrzs to find the functions:
U= J‘ux u, “jﬁz dx

6) Form the particular so'iﬁfiona-,ﬂ. yp =U

-and then thie.complete general solution...

Y=Yo+ yp=Cy + Gy +uy, +u,y,



Method of Variation of Parameters

Pros...

o Can solve DEs with non-constant coefficients.

« You don't have to worfy about the 'absorption’ issue.
« Can solve everything we've already learned to solve, but M«
Lonbhntco ﬁfw”“) M}iw
cons... M
o Usually takes longer than earlier fsthods. m%(/
» The integrals at the end can be really difficult to com%
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- 4.7: Cauchy-Euler Equations
Variation of parameters doesn’t always work

- The Variation of Parameters method in the last section always works for lineat differential
equations with constant coefficients, but in- general doesn't work if the coefficients are
“variable functions:

- We will eontinue: studymg methods later in the course for hamﬂnng more comp!lcated
- cases, but theré is one class of differential « quatlons which appears frequently and has
. twomethods we can use to solve now.. These functions: are called Cauchy-Euler
‘eguations and have the form:

matches .,
dy &y
ax’ a—;»f«bx?&»t-cy g(x)

The coefficients of each term is a function with a constant and an x raised to the power
that matches that term’s derivative order.

For DEs in this form, we have two. different (related) procedures we can use to solve the

- complementary solution for the corresponding homogeneous DE. (Then we can use

~ methads such as variation of parameters or undetermined coefficients to find the particular
solution). .

(The derivation of these procedure is available in a separate PDF)

DE:  ax’y+ b)g:’ Fep=0

auxilary equation: am’ +(b—a)m+c=0

2) Solve the duxiliary equation by factoring or quadtatic formula.

3) This will result in some combination values which are zeros (roots) of the auxiliary

equatcon and: will in oceur in three poss

a) 'f'wo distinct, real mots
Cnf:fte iti Ex" nctt as i th

b) One real root mpeated y e CI M

¢) Complex-conjugate roots: y.= Clx" cos( Bln x)-F sza sm(ji‘ In x)



Solving Cauchy-Euler equations - method 2

The 2nd mhethod involves substituting % =2’ which produces a new DE for | y with respectto t asthe.

andependent variable. The. result of doinig thi y-Euler DE: always produces a liiear DE with
cofistants coeff cients, which can then be solved using arlier msthads

1) Perform the following substititions inte the Ca

hy-Euler differential egaation:
DE ax’y"+byy'+cy=0
‘Bubstitute:

$o!ve th;s equaimn ussng prevnous methocis

3) Rewsubstitite 7= Inx to express the solution using x as the independént variable.

E-xam’ple’s
kaz—-ﬁ—(b—-a)m-} ¢ =S
"mli—"(-—-z—-(\)m ==

wr—%m—4 =9

(ma+ ) )(m-‘f )

Mo | , ,
{fﬂ e = lY-' "'szy g
{

/ME,K
(. ad 6




Examples:..
Y =3 4 3y =2x"e"
ambr(h-admi-c ==
| Ea(~3-Nm+3 5=

ME—Ymt3= O
——0 (m —-—3) =09

m=t m=3

T 3
Yo = G x +(z2¥
:ﬂp:b( X 4 “(12(3

)= Zne Z?C’e -2 x‘e

i Leybrtedl i )
(J,mw— #Zua Lecakiny !

2, X

o K
’a»";w,x‘(

pu i y
l
“, ;‘IKZ&‘KAK

= —/ K~z (ke '&x»

- —xZ" r2xe’—ze"

X 3
Iy (e - 2K v (e )x

50 j: C Xﬂi—(’z

’

BB %
@, (, X +C7,x AN A /___gj

s, . g
O —ax @X ) ""Zé(r@«k
x> - *g}(,}“% 2%
|
£ s Lgx
, ’o,_!_ we—3vda
’Mf Av = e (TpX— !JZXAR‘ v

% 0

{ &lef
x &7

| 3x&

\

x U3 X
- e vk —exe + X8

X
\»25 X @xAX tha)\

—

o

U=

A/‘*

X v=efax

\ duzdx  v=&~

(

valkeX— @X)

2 Bex—o
R

2x°>

e~ fe¥dx

-

- e



/&‘Pf A> rettodd 2 -~ -

So g, = fet - Laz

an! 9 ﬁ *jf - C(& = tﬁz‘é’gf‘ 4-»{“,4 P

- /)7& 5“'(4&&\ h@&' ”’éﬁb% C-&»w,fﬂg)
A X orx g a2

Examples...
B ”“"”xy'“*“ywx ssbbdany, X2, t=bx, y'= *
24 A Jx/ l
., 7 A% ;7‘ >f/ ”ﬁ)«*j .,s-é
_ A}J _
ﬁ/- ZZ' +4 ~ &+
59 4
— 2% -t
i i
{u\w
L 9ozl ST
/NORNE A ea/{g m.xi“"’t«igi &;;am%nﬁ
mE—2m 4 | =0
(m =D(m-0 ==
m»lw%mw
Y=l € 16 f«.. :
/Vm I&J S vie Anble Hor ¢ L= At+€
- ‘j = /W"“ wy ~29l +y = =t %2,4»»4'5:0
O
Vn;a (W@’-{’W%“%

7,9

ezxf 2

£=2



" Zndsorder lmear, have one: Qoiutmn and need another?

H gher-o:‘der DE procedures

- ~
R&dﬂctio?‘l _Oflﬂfder homogeneous with constant coefficients?

{take derzvaﬁves‘_ahd édﬁst&tdﬁé:
S wal, solve resulting Tst-order -
. DE, thenintegrate to getu). yes .
use: auxﬂ;ary equaimn 2nd-order, Cauchy-Euler form?
amt’ +bm+e=0 TSN

single root: = 6™
| repeated foots: y=C, & 4 Cpxe™ & G, x’e
complex pairs; .= Ce™ cos fx + e "’" sin ﬁx

no
We'll need methods
from future chapters...

distinctroots:: . C} G x“’z
repeated roots; y =" + " I x
complex pairs:  p = Cix" cos (B lnx) +Cyx sin (Bn x)

Check if solutions are Linearly Independent {form a fundamental solution set} using Wronskian:

prn owi B - L Linearly independent if
2(37) j;(x)) = 1 w2 o Wronskian is non-zero:

Hka auw

| f(#“) f("“) f{**fl)
Higher»order DE procedures for finding Ve ‘from Ye

Linear non-homogeneous DE with constant coefficients?

ay" + by +ey= g(x)

(can be highet oider toc)

yes " ho
Undetermined Coefficients Variation of Parameters.
use table to find form... assume terms have same form as:
‘ homogeneous solution multiplied by u functions:

2 » }:’”mlﬁf;}é{:; y = Gy Cyyy
e=u )y lx)y, o0
Divide by leading term to get v (t) = (x)

: + B sin s hen ﬁnd I7 functlon denvat;ves wrfh Cramer srule:
P % , ¥ ¥
% % W%

L i{&a}! m&m}

1L, Sebei e
12 e eos d

tak& derwatwes ptug into DE and solve fmr ' then integrate to find u functions; and solution:
cons ints gn“ o : i g‘m‘.]'u,ﬁ dx; 5 “J“lfz;dx
V=St e ’ Y EUI Uy
' r=Yot Yy



