Cale3 — Lesson Notes - Chapter 15:~"Multiplé Integrals
15.1: Double Integrals Ovér’vRectaﬁgies - &
15.2: lterated Integrals | o _
Single-variable integral = area under.curve, Riemann Sum
"In single-variable calculus, we learned that integrais are objects which 'sum’ ‘

things, and the first thing we considered was summing rectangles to find the area
under a function curve: ¥ . :
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When summing rectangles, this is called a : S '
Riemann Sum and gives the approximate area: 4 Zf (% *)Ax

Taking the fimit for a large number of rectangles, . e
gives a smoothed version close enough to the A=limy f(x*)Ax

: curve to call the actual area: N \
: L ' S o ¥ -
~ Then we called this smoothed sum the definite Y ;‘J fE x) dtc
‘integral from a to b: '
a

Double Integrals Over Rectangles in the Domain

In multivariable calculus, the domain has more than one variable. First, we'll considérjust az2b -
_ domain. Now instead of rectangles of width Ax in the domain we have rectangular prisms with
" area AxAy in the domain. ‘ '

|

Ry

| _ | .
[ . 1 ) N . s & i

- Summing these rectangular prisms is called a double Riemann =X R

| . Sumand gives approximate volume under the surface - v Z Zf (x*" Vs )M
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Taking the limit for a large number of prisms, gives a oG E »

smoothed version close enough to the curve to call the V= }g{gz > f (xy*,yg *)AA
o 2 )

actual volume:

L double integral over region R in the domain:

Then we called this smoothed sum the definite N
TV =[[ ()
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Double Riemann Sums - Midpoint Rule
When we computed Riemann Sums by hand in previous calculus classes, we had various ways to

N compute the rectangle areas: midpoint rule, trapezoidal rule, Simpson's rule) and these all have

: - counterpoints for double-integrals. We'li just focus on Midpoint Rule, which says we choose the
=7 center of each rectangle (Xcontor, Yosnter) @Nd use this to find f{x,y) for the height of the prism:

Ex) Use the Midpoint Rule to approximate the value of the integral “

ﬂ(i(wxz »«2y2)dA where Rw{(xv,y)](}ﬁxﬁz,i}SyﬁZ}
R _ :

(X,Y) fxy) * A4 = V
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Average Value

We've seen average value before, and it works similarly for multivariable functions and is always a
sum of something divided by the quantity of that thing:

i discrete numbers single variable functions multivariable functions
3444548 » 1§ 1 g
AV = C AV = e x)dx AV = f(x,y)dA
- 2l /) Tl )
Computing actual volume by computing the definite double integral
“We can get a better approximation of the volume under a surface by finding a double Riemann
Sum with more rectangies...
|
|
|
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_..but in single variable calcuius we learned to evaluate the definite integral using the
Fundamental Theorem of Calculus:
. b
.~ [£(x)dx=F(b)-F(a)

where F(x) is the antiderivative of f(x) -

So we need something like this for double integrals...




Computing the definite double integral using Fubini's Theorem

Fubini's Theorem says that you can compute integrals iteratively, that is, you can compute the
inner integral first, and then use the result as the integrand to compute the outer integral:

o

'lffiscanﬁnuausontherectangiel(:{(x,y)iaﬁxﬁb,c <y< d},then

gf(X,J’)Mmizf(x,y)dydxaﬁf(x’y)dc@

_..and we can choose which variable to make the inner and which the outer variable of
integration (whichever is more convenient).

This is easiest to understand by doing some examples...

32

EX) j _fxz y dy dx |
01 3 ) note: this is how you determine which
A Neennr” .+ bounds go with which variable

g, W

S

LS e
([
(> G-E)
Zj) K

o > .

Special case: f(x,y) can be factored into separate x and y factors

The last example is also a special case: where we are able to factor the f(x,y) into separate factors
each containing only one of the variables. In cases like these:

¥f (x,y)=g(§)bh(y) & o
Q f (x,y)dﬁm{ I g(x)h(y)dx dym{ g(x)dx I h(y)dy
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Another example...
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j'jexﬂy_dx,dy
00 |
can be made special case " ifyou don't see the special case, it is more difficult
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More examples...

J j. 4x —9x?y dy dx  (can'tbe factored for the special case)

inner; when working with v, X is treated as a constant...

2
j (43«:3 -9x"y2) dy

1
[4x“ y—3x7y* ]:
(40 (2)-3¢ (2)')-(4¢ ()3 W)
8x® ~24x% —4x° +3x%°
4 —21x*  the resultis typically a function of (contains) the outer variable

outer: now integrate with respect to X...

j'(4x3 ~21x* ) dx
0
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More examples
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3

&
3

25 Sy §3
45 Ty 54
~
2.
=,
3
D
&

25 Summny 23
~
&
*

ey

0| %

—
&*

2-0 *
) *
9 *
9 *
2 *

Tsinz ado
0

% £ (1-c0s20) 6 use identity :sin® 0=

ek -5 fos20 agh*

1

2x - u=20, du=2d0
1 x

o JT -wfcosu do

2 3

Ly ——v»»~[--simt'f‘3r

2 4 o

1 1 '

—n —-—{0-0

2" 300

2
I}u. «1-d *
“u 2
VA
Pmiu‘] *
2
1
—In lZl«-——lnm
9In2
1—cos 28
2




More examples...

jjxsin(x+y)dd Rm{(x,y}[(}gxﬁ%,(}ﬁyszé
0

I I xsin(x +y)dx dy

g0 '
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inner: j xsin{x+y)dx
]

u=x dv=sin{x+y)dx

du . -
= 1dv= + y)dx

By i fun(ee)

du = dx v“moos(x«{wy)

%%
j xsin(x+y)dxc= ~xcos(x+y)- I —cos(x+y)dx

=[-xcos(x + y)+sin(x+ y}]/

= -%cos(6 + y)-%»({))ﬁos( + y)+snn( 7 + y)msia(0+ »)
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15.3: Double Integrals Over General Regions in the domain
When region in domain is not a rectangle

When the area in the domain is a reczangée we integrate either vanabl@ first, and
the limits of integration are constants:

] f(x,y)damﬁf(x,y)@abcmﬁf(x,y)am
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ifthe mgmn is not rectangular, the edges are expras—;s;ed as functions of one of the
variables in terms of the other:.

d hy)
Hf(-x,y)d/i-;f f S (x,y)dxdy
R ¢ g(»)
b h(x)
jjf(x y)dd=| j f(x,y)dy dx
a g{x)
(Rectangular area is just a special case) a b
An example Jof 9y

Ex) H x2+y )dA where D = {(x y)0<x<2,x <y<2x}

Determine intersections and graph first:

y=2x y=x
x* =2x

¥ —2x=0
x(x-2)=0
x=0, x=2
y=0, y=4




An example
ﬂ' x2~¥~y )dA where D = {(x y)l€)<x<2 x24y42x}

We can choose ezther variable to integrate over first...
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Sometimes one direction is a far better choice
If you have a region like this... y
X
Integrating over y first... Integrating over x first...
...means you only need one integral: ...means you néed two integrals: -
b h(x) b {y) ¢ iy}
ﬂf(x,y)dA Hf(x,y)dyﬁ ﬂf(x,y)d/,l Iff(xy)dfxdy-i—j j f(x,y)dxdy
z glx) a g () b g (¥




" You can use a volume structure to calculate the area in the domain

If you make the integrand =1...

Flxy)=1

ﬂf(x,y) dA =ﬁl dA =V =R (1) =numerical value of area R

Vi =Ru’ 5
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Examples...
Ex) ﬁwzmcm where R = {(x y)}{)<x<i} 0<ys<x*
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Examples... o B
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15.4: Double Integrals in Polar Coordinates

Polar coordinates is superior when the domain region is circular
This problem... j‘ J‘ 3y dA y | ...Is fairly difficult using our current methods:
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Definition of Polar Coordinates

But there is a way we can take advantage of the ‘circular nature of the region by defining a new
coordinate system, called polar coordinates. ,

instead of defining position in the domain as distances in the X andy directaon we define
position using distance from the origin in a direction:

% Converting...

rectangular to polar polar to rectangular

| r=axt 4y x=rcosf
x = Cosf L ' = psiné
- o=tan| 2| Y




What is dA in polar?

In order to integrate, we also need to know what area dA ih the domain is equivalent to in polar
coordinates.

0 = angle in radians = grelength

r
therefore arclength = rd@

y; d}"" rd6 _
4 s When dr and d@ are infinitesimally small, this
/ area is approximately rectangular, so the area
i is length * width: |
g _ _
> X dd=(dr)(rd@)
dA = rdrd0

"argh - dee argh - dee theta”

Polar coordinates is superior when the domain region is circular
Let's try this problem again in polar coordinates... f j 3y dA y
4

|[3y dA:ﬁs(,rsina)rdrde
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=14 much easier!
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The inner integral limits of integration may be functions

Just as in the rectangular case, for more complicated regions, the inner integral may have
limits of integration which are functions:

2 r=g,(6)
Hf(x,'y)dAm?gf)f(roost?,rsine)rdr dé '
R 6 &{9 -
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C nh() -
ﬂf(x,y)dAmj I f(rcosf,rsin@)rdé dr
R 5 h(r)
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Examples :
Ex) Sketch the reg;on and evaluate H 4-x*~y* dA where R = {(x.,, ) x+y 54, x>0}
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Ex #14) Sketch the region (and evaluate - for homework)

Hx dA where D is the region in the 1st quadrant
L that lies bet:ween the circles x> +y* =4 and x* +y* =2x
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Examples

- [l\ft -k7 - = )
Ex #15) Use a double integral to find the area of one loop of the rose ) r = cos30 B [eoes3y
&5 (setup - do the evaluation for homework) : ‘ ‘
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Ex #25) Volume above cone z = Jx*+3* and below sphere x* +y* +2z° =1
™ (setup - do the evaluation for homework) Cender éoz @ o}
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15.5: Applications of Double Integrals
Mass and Density

Define density as how much mass exists
in an object over a small area:

Amass , L B
Aarea L

(low dense region)

p(xy)=

...and this mass can vary over the object
(is a function of x and y.

We can use a double-integral to sum the contributions over the entire object to obtain

" the total mass:

mwgp(x,y)dfl

‘1st Moment (center of mass)

A moment is defined as the product of a distance and some other quantity. There are many .
moments which have useful applications.

The 1st moments of density (just called moment) is defined as the density times
distance from one of the axes: |2 ot’7§

M, = [[p(x.y) dd @Mff/ “ P

M, = pr(x,y) dA

If we divide the moments by the mass, we obtain the position of the averages in the x |
and y directions, which is the location of the center of mass. This is the point where the
object would balance...in the x (and y directions) have of the mass is on each side of -

this point. @ | ™ )L
(53) = ot o))
center of mass ° °




2nd Moment (moment of inertia)

The 2nd moments of density are defined as ’éié:iiemity times distance squared from
one of the axes and are calied moments of inertia:

I, mﬂy"sp(x,y)dd

I, mﬁ,xz,o(x,y) dA

Mass is the aspect of an object which resists linear force - more mass means less
movement (acceleration) for a given force: F =ma '

Moment of inertia about an axis is like 'rotational mass’, it is the aspect of an object
which resists rotational motion which would be produced by a torque (alpha is angular
acceleration): 7 =1Ia ,

| A flywheel has most of its mass

. around the outer edge which

- produces high moments of inertia.
 Such an object takes a lot of torque
o start it spinning, but once spinning,
resists friction well and keeps
spinning for a long time.
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Applications in Probability - Probability Density Functions

A random variable provides a numerical value of possible outcomes of a random process. For example,
you could define a random variable for the weight of an individual person, W. This variable couid take on
values from 0 to some maximum weight, and if you selected a person at random, you would get a different

value for W each time.

A probability density function (PDF) provides a measure of the likelihood of particular

weights occurring in a population. (")
0 w 800
weight (1bs)

Summing all the probabilities (equivalentto 'mass’ for matter density) would give the total probability which is
always 1, but if you sum probabilities over a subregion of weights, you get the probability of a person
randomiy selected have a weight in this region: i

p(7)

156

P(90sW <150)= [ p(W)dW

0-90 180 W ’ 800

weight (Ibs)
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Applications in Probability - Probability Density Functions

in gehera%, the probability of an event might depend upon more than one variable, for example, likelihood of
heart disease may depend upen age and also body mass index (bmi). We could define a general
probability density function f(x,y) where x is age and y is bmi: :

Summing ali the probabilities (equivalent to 'mass’ for
probabiiity of heart disease matter density) would give the total probability which is
P always 1; :

[ £(xy)aa=1

Summing probabilities over a subregion of the
explanatory variables, you get the probability of a
person with this range of ages and bmis having heart
disease:

P(ansb,cSysd)m‘ﬁf(x,y)cbzdx

1‘sf moment of a PDF: Expected \(alu'e (méan)

The moments for a probability density function (PDF) have specific meaning and uses. The 1st moments
of a PDF gives the Expected Values (or means}): ‘

p(x)

-

EV=p= _fxp(x).dx

o w e W

X

The expected value (or mean of the ramfom variable probability distribution) represents the
probability-weighted ‘average’ value.

if the function is multivariable, then:
EV, = p, = [[x p(x.y)d4
D

EV,=p,=[[y p(x.y)d4
D




2nd moment of a PDF: 'Variancé

The 2nd moment of a PDF gives its Variance:
Var(x)=0" = sz p(x)dx
v o .

p(x) | p(x)

/\

X _ X

low variance ’ high variance

The variance is the standard-deviation squared...both are measures of our widely dispersed
the probability is about the mean.

3rd moment of a PDF: Skewness

The 3rd moment of a PDF gives its Skewness:

skewness = j x* p(x)dx

T/\ T/\ T_/\

r

ph’
X X ) N

610 SKewness low positive SKawness high pasitive skewness

high negative SKewness Jow negaNive SKeWness

Skewness is a measure of deviation from symmetry and can be positive or negative.
4th moment of a PDF: Kurtosis ~

The 4th moment of a PDF gives iis Kurtosis:

kurtosis = J. x* p(x)dx

p(x) owar kartosis

higher kurtosis

X

Kurtosis gives a measure of tailedness’ - how much probability is in the tails instead of the central
grouping. Higher kurtosis means there is @ higher likelihood of the outlying values ocecurting.




Examples (setup only...redo and compute values for hw)

#5) Find the mass and center of mass for p(x, y) =xX+y
for the lamina occupying the triangular region with vertices of (0,0), (2, 1) and (0,3)

i i 55 /CX,VMA My= ff ylxedydx

, ’/Lx
- L;-'x A, . " OtDadx
“Li 2 55‘;{@)%@0& b= gvzx“*f} _’d"
: ® %\A

(5,9) = [/%”/ /%>

/ﬁ N #11) A lamina occupies the part of the disk x* + y* <1 in the first quadrant.
Find its center of mass if the density at any pointis /groportlonat to ns dsstance from the x-axis.

4 (M) =y M /’U /[&y)/{#/j 5 [ﬁ rsn) rdrdo




Examples (setup only...redo and compute values for hw)

#12) A lamina occupies the part of the disk %%+ £1 in the first quadrant.

& Find its center of mass if the density at any point is pmportjzgral to the squate of its distance
from g\e origin. A
L2 / [x)= ¥ m;”/(&,v)dﬁ';; 5 S ( K Z)e ek
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#16) A Iamma occupies the region inside the circle x* + y2 =2y but outside the

N circle x> +y” =1
| Find its center of mass if the density at any point is inversely pmpomonat to its distance from

the origin.
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15.6: Triple Integrals

What is a Triple Integral?
Single integra.l

y=f(x)

5

)

[ |

I . i

] i
T

a b

X
Domain is a 1D region in x

outputis ¥ = f(x)

Single integral is a
summation of output values
over the 1D domain line

Outputis 2

values from a to b: area. -
s [[7(ry)as J[is Gy
[f(x)ax b .
! . ddm i dy, dy i dv = dx dy dz, dx dz dy
/ S FaL LD : = dy dx dz, dy dz dx
/1@,,@{#‘)%5‘*":?“”'/ | =y drdf mgm@ i’aaw
N AN S anad ({»@ L) = haisht A
U X S a wlqm% | = others (next sections)
Applications of Triple Integrals ./ Lly» -ye%:}{ %) Tt Hryw=) o
« Physics: Density, center of mass, moments of physical 3D objects Anis 15 e Lawe-

Double integral
fixy)

z=

Domain is a 2D region in X,y

mf(x,y) v

~ Double integral is & summation of
output values over the 20 domain

Triple intearal

413 1 1
L7 W

air pressure P f(x,y,2)

Domain is a 3D region in X,y.z
Outputis P = f(x,y,2)

Triple integral is a summation of
output values over the 3D domain
volume:

« Probability (expected value, variance, skewness, kurtosis of probability distributions with 3

explanatory variables)

« Flux integrals (subject of our last chapter in Vector Calculus)

In this section, we are going to focus on how to evaluate (can be tricky)...
Fubini's Theorem for Triple Integrals (domain is a box)

Just an with double integrals, if the dom
variables (the limits of integration are all
iteratively in any order:

ain region has no dependencies between the

constants), then you can evaluate the integral

(6 possible orderings)




If there are dependencies, you may have to integrate in a particular order

The textbook discusses different typescases’ that dictate the order you need to integrate, but the meain idea
N hete is that if an edge of the domain region is not constant, you must write it as a function of a variable ‘outside’

this variable: ’ =03

b al=ymlez)

44) | | : s a - .
gf (xy)dd= {j)f(x, y)dxdy f}{f fey.2)dv -£ g,j(;;n,{lﬁ;f (%,7,2) de dy dx

¢ By 2
) 1 i “Q‘Exxy}

-z mix p)

yv=h(x)

) r =iy
o b ¥ mm;
Mg v b b e
'E"!f (x,y)dd = }[ sv;{[f}f (x.y)dy dx m fxy,z)dv = sz_{!‘ijzr: F(x,y,z) de dx dy
F 4 o Iy mixy

" Order of integration (examples)
The best way to understand this is just to work a lot of examples...

Evaluate H_{ z dV where E is the solid tetrahedron bounded
E byx=0,y=0,z=0and x+y+z=1
(evaluate all 6 ways)

1) project onto x-y plane (this will be the outside two integrals, do y first): (domain)
¥

The outer integrals:

The inner integral:
Imagine a person standing on the projection and jumping...they will hit their
head on a ceiling which determines height (z in this case).

1 —x+}i-x~y

|| [ )dvar

o 0 0




— .(vlwx)g dx

o &

13

i
6
1 1 +] 1 1 w1, 4
U la-xt| =4{-20-() +=(1-0)"
Loy | -4{-50-0)'+30-0)

1
24
2) project onto x-y ptane (this will be the outside two integrals, do x first):
y g vy A P-xY
o / ["f 2 debt

Zdzx =~

? gl |
@i@ ((—x-d) dx

\C@ 5 »x"ﬂ [/

!xy . 51 x'v)"z()

w[ul- *2) = - 3 (- »L}[a«x»::)]
L[(V(wﬂg ~(i-ta37]

=L (1-y)

- C L e . IRTR
& iﬁwﬂy @Wwﬂ‘ =Te I(Jf)[a 2

5 [0 [z




3) project onto y-z plane (this will be the outside two integrals, do z first).

Z The outer inteqgrais:

=—y+1 1 il

a |
, Jles
y 0 6
The inner integral: :
Imagine a person standing on the projection and jumping...they will hit their head
0,0.1) on a ceiling which determines height (y in this case).
{0,1,0} 1 =yl Lmyz
y | (z)axdzay
(1.0.0) & x4 y+z =1 £ £ o ( )
X Xmi o Pz
' (will also evaluate to 1/24)
Setup the last 3 orderings...
4) project onto y-z plane (this will be the outside two integrals, do y first):
T lﬂ - f%ff’“ } } - | - i'?* *
‘ j § | j + 4 xdyde
D o o
i "‘j , |

D XAY+E=)
(9=

5) project onto x-z plane (this will be the outside two integrals, do z first)
6) project onto x-z plane (this will be the outside two integrals, do X first):

@ N x| ot e .
| { -
| ¢ S § § %djd&éx
3 v ¢ o o ©°

o i -

3
VN YXE .
7 J.._.“.-—-——!——x > b5 o :
D




More examples... .
#15) Evaluate j ﬂx AV where T is the solid tetrahedron with vertices (0,0,0), (1,0,0),

Loo{‘; r (0,1,0), and (0,0,1).
- I peedl 4i @%wm"dmv—(s/“%f%ﬂm VA A v‘-@&’“‘la’«’r’«f i 'r"'@plww;?’w@ﬂ
) ) M %r«mi >
gﬂo p\... Z (- o) [0—9) (D-l)> Af/ o~
D b= < (o-2), L=l > <e> P
?( Ll o‘o YO > Lo el B
% xwﬂ‘;\’ (oSS frod ko gt 4‘, J [{OM) fee, o>
;/ ) o "”l - & g! )
il N ‘5:" ¢ *Z-""b’“ B#? &.’"‘3’\‘ ﬁ«: = ‘f‘i/ e l?(/ic'tom) o ;‘}
l ’[°:> | =D axthytdy ="
o i X . k‘éﬂ“’%-:- <"c>la> ,(’,4’,{«’?
Fsal x4 i A
}ﬂ XAy = J S j L dzdy dx
" 'oxj ) & 2 _ 2 L- x-g)=) )+ ¥ ( =)
A = [%} = RS
(o)
' | )
' -k
| iy = [Py Y,
| ~><L[ ) —% 3 )5 % C”B‘*l) L)

?”’L -+ "'”LS(
= x4 x &+ xT X x5

3
_‘ix"/ - X -l'z)(

(¥ L/Céiﬂ-f ’*"f;'izc’;’.")a’%éLﬁff iy +6)3) {;@j




' =1)
More examples... ( L5\ o
#21) Find volume of the solid enclosed by the cyimcier X+ y =9

a  andthe planes y+z=5 2 | = o
%/ g1z
3

Vi sy
\/;j g }(oﬂl%alydx O x

5> 25 D(iemn sy £

) -y '
@ j [5dz = [%3 o sy 1z 1Y

”‘5 J\[E"d‘f 1 _...ggmr‘ww‘f“‘ﬁ
,2["‘5\/‘,(’)/7’5'#(/0]

N | '
A w@m«w'(ﬂ Uk
| _22(E)

.

]

7N

3\
P
of
/‘\
’?
'>(
l
‘5&
\—d’
";\
f?\
3
3

W
2 :
_,(1 7
|
{f
! it

]




More examples...

Eney

. 11 s
~  #34)The figure shows the region of integration for the integral | j j f(%y,2) dy
) g 0 0
Rewrite this integral as an equivalent iterated integral in the five other orders.
Original ordering is x-z projection: |
z=1-x*
for x=~1-z
1 ‘{ For this projection, other direction
‘ 1 iZ7 1-x | .
[ [ [rera)dyaa] w4 700
\ 0 0 0 '
» X .
0 1
Can project on X-y.
1 gorx=1-y
M
» X
0 1
(from equation of top surface} S
2 Other direction:
s
| 1 t-x1-2 11-yi-x" |
jj If(x,y,z)dzdydx IJ' If(x,y,z)dzdxcbf
foo o 00 0

e %




1 T I

#34) The figure shows the region of integration for the integral j f _f f (x, Vs z) dy dz dx

Rewrite this integral as an equivalent iterated integral in the ﬁve other orders.
2k

Project on y-z:

y=0toy=1-x
z zﬂfz_y-wyz

z=0foz=1-x"
y=1-x and z=1-x"

are the surfaces on the side
and top of the region.

y o

If you find the intersection of these:

x=1- 11 Az 1 2y~ 1-y

1) f11 f(x,y,Z)MzMI [ [1Gr)ddd
z=1-(1-2y+") ko

z=2y-y*

This splits the regzon into two
subregions so we need to add
two integrals, each with a
different ‘ceiling' establishing the
X value.

For the final direction, we need to reverse the variabias at the boundary:

7 2y o
'ary 1 Vi=z p=l-x
orx=l—z

z=2y-y"

P =2y =z

P —2y+l=-z+1
(y»««l)2 =]~z
y-l=tl-z
ymlwm

...and here are the two integrals:

11z iz
}; j jf(xy,z)dxciydz

[

@‘u\n-.i-!

N
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15.7: Cylindrical Coordinates
Defining Cylindrical Coordinates

Double integral
[[f(xy)ad
D

Converting...
rectanqular to polar

:;;:ginﬁ rm«fx’ +_yjl

,“ X . 9 = wfq (.,.‘}i]
x=cos0 v x

polar to rectangular
x=rcosf

y=rsind

dA =dx dy, dy dx rectangular

=pdrdf polar

Triple integral

j.;g F(xpy,z)dv

Like polar In x-y plane, plus 2
Converting...

o rectangular to cylindrical
>

re= Xt 4
¢ 6 = tan™ (X
oo 4 y x
» L. r e " .
w,,m/ .
¢ cylindrical to rectangular
/ [

X o ———— x=reosd
i A it .
N’ y=rsing

z=2z

dedxdydz, dxdzdy
=dydxdz, dydzdx rectangular -
=dz dx dy, dzdy dx

ws v g dy d@ cylindrical

Cylindrical coordinates are best for...

« Cylindrical domain regions (define z so it is pointing in whichever direction is the cylinder's axis)

o CoOnes

e Circular paraboloids

Anything where the domain region has circular cross-sections, even if the radius

of the circle is changing in the z-direction.




Triple integrals in cylindrical coordinates

The volume of any 'extruded’ shape is the base area times the height...

“ 2= Uy(x, )

...so for cylindrical coordinates, dV becomes:

dz av =(radr d@)dz
dv =rdz dr db

B kz(ﬂ)ag {rcosi?}

mf(x,ynz)cbwb’ &= |

a R (8) u(reos?)

f(rcosé, rsiné, z)rdz dr do

Examples... , 2

Ex) Graph (2 2z 1) and convert to rectangular coordinates.
3 %
x> rose=(2)eos(E )

rsive= (25 ("F)=%"

N ' (,Zl 3‘> j T

-~

>

('\‘\
o

)--)
2=z

s‘l"&

Ex) Convert (3,-3, -'7) to cylindrical coordinates.

- J;" S




Examples...
Ex) Setup the integral for .m xyz dV where E is a right circular cylinder with the z-axis as

A the axis of symmetry, with radius = 2, fromz=0toz = 3.
%= . A
j ; j [f&?Sea{f‘ﬁh&;}% rdEArdor
2 o) i

g 9
¥ z- [‘G (3 WD\”‘W‘«;;*{ #ﬁl{hﬁﬂf‘g\}

g » 5 co;asmadaj (Pdr L 2 Az

5

#22) Find the volume of the sohd that lies within both the cylinder x* +3* =1
and the sphere x* +)* +2° =4
P 4 wr g yre

\/—“'} 5 5 () v dzdrde

. \[’{ - "l"'"fb \{.gsr‘b«
=t
- Zrolr - «—jﬂ
S{.[\i’ ) Ar A;/"J‘“p{.\ls %
]
- U o 3w
¥ ;1% - z,
= S V2 Z w = 2;’( j [ki 3
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15.8: Spherical Coordinates
Defining Spherical Coordinates

, - Sohor
Rectangular ‘phi’ (pronounced _%h_riga_i
> 7. "fie"} is the angle in
dV = dxdydz, dxdz‘fy » ddedZ: the 30 space between
dydedb, dedxdy, dzdydx thezaxisandthe tho' i the radial
; ; radius to the point. ' distanns from the
- prigin
, Cylindrical
T y
N L k€ pOJAr in X-y
. plane, plus 2
¥ ety is the angle In
R ¥ i y ~uf... the %-y plane betwesn
v the x-axis and the
@ v X radius projected onto
# : . he %y plang
X7 e - Converting... rectanqular to spherical
o % if X P
Converting... A pP=x*+y"+2" ¢=cos ! (——) @ = cos ‘[w) =gin™ ( L
rectangular to cylindrical N P psing psing
rane +y Oe=tan™ (Qf, z=z spherical to rectangular
x . . . -
eylindrical to rectanqular = p singcosd y - p sin $sind z=peosd _
 x=mrcosf y=rsingd z=z in x-y plane: » = psing
dv =r dz dr 40 | dv = p*sing dp dO d¢

)

understanding Spherical Coordinate Geometry

On the plane formed by z-axis and the radius fo the point:

(psing)sing =y

X

in;é)cbsﬁmx




Triple integrals in spherical coordinates
zh ) ;

...s0 for spherical coordinates, dV becomes.

dv ={length) ('width).(_height)
=(pdg)(psingdo) (dp)
=p’singdp d@dé

[ raaaa
3
1 "“‘dﬁi‘f (psingcosd, psingsin, peosg) p*sing dp d0 d¢

Spherical coordinates are best for...

» Spheres
» Cones where we want volume to the top of the 'snow cone’

' use cylindrical for this...

use spherical for this...
1

Examples... /o ¢ < @6&‘%‘{' ode >

#2a) Plot the point Whoée spherical co_ordinates are (5, Z;—, —735)
then find the rectangular coordinates of the point.

K= X 7951”;56«-}9 =5 3%h /g)[a;[%) ;;/g O)_; o
joysopns =z E(E) (W) E-V
ﬂc///wsq&?m;gg);;@) s

' y |

0 5 =
'-(2/’1/

(Q (‘{c %5 lﬁ)




Examples...
#4b) Change from rectangular to spherical coordinates: (—1, 1, Jg) : T (2
. .

peree (e ()R B
=%

sing e~ = X
e ————

e

) /‘/ — :
2pslE)ve s 5 (25 %5, )
7z L";/) (o=} | L 6’"1 - /
f: L = v Mf«

Vipjer = v o |

S 3
\1

v . -
-

#9a) Write the equation in spherical coordinates: 2 =x"+)"
;o -
:‘ (f&oﬁ HE= éﬁe\f' #)

/2"&9}‘;3 ?/7»;()‘)34

—
i

b7 F\;j‘%{ =S t”ﬁ?jé.

903\7 —prﬁ\ml: &Df"’@/ ‘;I-\’/'_%

W _ )
T,

oS
L o 3f
aap =4 =, dr Yo




Examples...
#13) Sketch the solid described by: p<1, %f- <p<n

x

#15) A solid lies above the cone z = «/x +y* and below the sphere X+ y +725 =z
write a description of the solid in terms of zneguahtjevs"my@lymg spherical cooz'dmates

(find volume of this solid). g 20 L5 ””‘”*“www;
\x*v?')vf’%?’ D _ Z.
S v s aypae s |
sz'z J,,@ - 1) = A !f
v IRy > D R o o
27 \\),,pw'w b ’ B _
’ ' X 2.!1‘..7'1\ ?
Zi%5s vz‘@zf




15.9 (extra content). General Transformations, Jacobians, Disk/Shell method for volumes
Optional, extra topics

7N The following topics are not officially part of the course, but | wanted to mention them for completeness.

The first is that we had a method to find volumes back in Calc 1/Calc 2 and even in Brief Calculus:
the disk and shell methods for finding voiumes of revolution.

if we rotate this area around the x-
axis, we forma 3 dimensional volume
called a 'solid of revolution”.

Volumes of Solids of Revolution, Disc Method

We can use an integral to find the 3-D volume of 2 solid of revolution, by

- computing the summation of an infinite number of small shapes, but instead
of the shapes being 2-D rectangles, the 2-D rectangles would also revolve
around the axis and form 3-D cylinders called 'discs”.

\ W e 'he‘ight’, Ah v =Y (volume of cylinder)
| TN it g V=ZEP'2’height .
b
V = jn‘rzAh
radius, 1 a
N
. A
Volumes of Solids of Revolution, Disc and Shell Methods
§ .
'Disc Method' ‘Shell Method'

Vo= jﬂr%\h V= jZerAr

rect L. axis of rotation rect || axis of rotation




Volumes of Solids of Revolution, Disk and Shell Methods

Sometimes, the solid didn't extend all the way to the axis or rotation so we had to use the ‘washer’
variation (or similar for shell method)... '

rectangle doesn't go all the way to axis.
there is a 'hole' so we need two integrals

rectangle goes all the way to axis
no ‘hole' so only one integral

Disc/washer . : Shell
V= :mngh - I zr Ak V= I 27:@1’
V= _‘n"xzzdy m»jzz‘xfdy V= ,! 2mx] f (x) ] e
y ¥
s oo <im0

This method only works when there is a symmetry, such that all variations are functions of only one

variable. We can then express the volume as a function of this variable, and integrate along that one
direction. :

in Brief Calc, we stuck to shapes with circular cross-section, but in Calcl {Calc2 other shapes are
considered (for example pyramids with rectangular cross-section).

What we've oov_emd in this chapter gives a more flexible approach that can be used for all solids.




General Coordinate Transformations
The other optional topic, which is covered In our textbook, section 15.9, Is Change of Variables for
General Coordinate Transformations.

We found that for double and triple integrals, itis sometimes easier to cover the region in the domain using
polar, cylindrical, or spherical coordinates: :

Polar (2D) Cylindrical (3D)
3 ' y
W ‘ ——
et 'ﬂ?"%m
7ééﬁa7-‘
X’ —
x=r00s0 x=rcosf
y=rsiné y=rsind
z=2z
ﬂf(xs y)dxdy Iﬁf(x,y,z)dx@dz
D E
= [[f(reost,rsin6)rardd = [[[(roosO,rsind,z)r dr dO dz
D E

Spherical (3D)

x= psingcosd
y = psingsinf
Z= pCos¢

m'f(x,y,z)zbc dy dz

= [[[ 7 (psinpcosd, psingsind, peosd) p* sing dp d0 df




General Coordinate Transformations

These particular coordinate transformations are extremely useful and by far the most widely used,
however, in some specialized circumstances, you may wish to transform the coordinates in some

other, more general, way.

mething in coordinates x,y,z to coordinates u,v,w and therefore

For example, you may wish to transform so
inate system in terms of the cher system's variables:

define some other way 1o express one coord

Polar (2D) x=prcost y=rsind
Cylindrical (3D) x=rcosd y=rsind z7=2

Spherical (3D) x=psingcos§  y=psingsind  z=,pC08 ¢

General (3D) x=x(uv,w)  y=ylwv,w) z= z(u,v,w)

The tricky thing is that the volume (or area) element is not just du dv dw, it generally must be multiplied by
something to account for how the shape of the transiation forms the volume:

polar 20) [ £ (rcos6, rsin@)frdr 46
b

cylindrical (3D) ﬂjf(rcosﬁ,rsin@,z) r dO dz
) B

E .

General (S’f:J)) ﬁj f (x.(u,v, w),y(#,v, w),z(u,v, w))du dv dw

This extra muliplier is called the Jambian of the transformation.

e A




g

-

General Coordinate Transformations - Jacobian of a Transformation

The following result is derived in section 15.9 of our textbook, but there is a method you can use to -
determine the formula for the Jacobian of 2 tranformation, given the transformation equations, and it .

has a unigue symbol: _
o & o
( ) ou oOv ow
dwyz) |y
Jacobian = W$ W ov B
oz & %
ou ov ow

This pattern can be extended to any number of dimensions. In 2D, it reduces to:

o o
o(x.y) _|ou ov
owv) & ¥
ou o

We could, for example, use the Jacobian to verify our usual multiplier for spherical coordinates:

x=psingcosd . y=psingsing z= pcosd

& ox Ox

s op 06 09 (sin pcos &) (—psingsind) (peosgcost)

oxn2) | ¥ F)_\ngsing) (psingoosd) (pcosgsind)

d(p.0,4) |9p 00 o¢ - (use this row

| 5 & o (cos$) (0) (~psing) |e 1o find the

125, 22 e determinant}
op 00 0¢

o (cmqs)(mpz singcos gsin” 6 - p° sin gcos g cos’ 6’)+(~psin¢)(psin’ ¢qos’ g+ psin® gsin’ 19)
= —p? singcos® gsin” 6 p* singcos® gcos® 0— p’ simjr(sin" gcos® @+sin” gsin’ c?)

= p? singcos® ¢(m" O -+sin’ 8)-~ p* singsin’ ¢(ms2 @ -+sin® 0)

= —p*singeos® g p* singsin® ¢

= p*sing(cos” $+sin’ ¢)

=|-p?sing| p*sing

You will likely not need anything other than polar, eylindrical, or spherical, but for certain specialized flelds you
could potentially need Jacobians.

Mathematicians - if you become a mathematician, you'll likely need to derive and prove things even in your
intermediate and advanced caiculus courses. You could end up working in topology or manifoid theory which
explore the properties of higher dimensions:

Theoretical Physicists - if you end up studying the (currently popular) String Theory, you'll need Jacobians
because this is based on the assumption that the universe actually inhabits an 11-dimensional space.




