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AP Statistics — Lesson Notes - Chapter 7,8,9: qurelation, Linear Regression

Relationships between two quantitative variables

Last unit (chapters 3-6) focused on analyzing a single variaiile an{ﬁ considering *
some variation of count vs. category: - '

Consider our height and step data: We could make histograms to display either
variable individually to see how each variable is distributed...

freq
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freg
{count)
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But this ignores the fact that each data point in height is tied to a specific
data point in number of steps (matched by person).

Unit 2 focuses on analyzing two variables which are both quantitative. We will not
he dividing into 'bins’ and looking at counts. instead, we will look at how the value of
one variable is related to, or associated with, the value of the other variabje}.

Qur main tool to visualize relationships between two variables is a Scatterplot:
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L 80 65 70 80 : ,
‘ : ; A Height {in} h g

Scatterplots give us 931 visual indication of whether there is an association between
the variables, the direction of the association, and a rough idea of the strength. The
'shape’ of the cluster of points is called the form.

Associations may be linear of non-linear:

Linear Agsotiation
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To describe an é‘ssojciation include: form,rﬁireé‘ti()ﬁ, strenbfth‘

Non-Linear Association

Associations may be 'strong’ or ‘Weai(‘:

S~ "“Thereis a Iin{ear, Tmaderately strong, negative assnc!éatiém betweqﬁt steps and helg




Roles of the variables ' ,

Which variable shouldébe x, and which y? It depends upon how we think about the
variables and if we believe variation in one can predict variation in the other.

7 x-variable {a.k.a. explanatory, predictor, independent variable)

) The variable we can vary and expect that the other variable will depend
upon the value of this variable, The variable associated with ‘cause’ if
there is a causal relationship. Often this variable is time' or 'vear". .

y-varlable (a.k.a. response, dependent variable)
The variable we expect will be atfected by the value of the x-variable.
Often, this is the variable we are studying.in an analysis (e.g. if .
studying auto accidents per year, auto accidents would be the y-variable). ©
The variable associated with "effect' if there is a causal relationship. ’

Scatterplots using a calculator N
Enter data for x variable in L1, y variable in L2. Let's use our height vs steps data:

Scatterplot

1) 2nd, Y (Stat Piot), enter 2) Zoom, 9:ZoomSiat

(5?}_9’) testmid )

Correlation and Association
Associatlon is a general term meaning there appears to be some relationship

—~ between the variabies.
£ '
— Correlation is a precise term describing the strength and direction of a linear
relationship. » ’
The strength of association (correlation) can be found by computing the
correlation coefficient of a dataset: :
zz, 1 & (xz -x) (yi "‘y)
correlation coefficient:  r= _.ZMLJL = }z
(Pearson's) n—1 ol =R 8y
Computationally, the correlation coefficient is the average of the product of the z-scores.
‘Correlation coefficient is a number between -1 (perfect negative correlation) and +1
{perfect positive correlation). Correlation coefficient of 0 means there is no
association between the variables. _
How does correlation coefficient work? Correlation Coefficient on Ti84
Points in quadrants 1 and 3 tend to indicate positive direction  Cajulator can compute correlation coefficient, but you
and 2y will be positive, so will tend to increase the sum. need to run linear regression (explained more fully later):
Points in quadrants 2 and 4 tend to indicate negative direction 1) Mode, Stat Diagnostics:' set to ON {only done once)
and z,zy.wili be negative, so will tend to decrease the sum. :
3” ' : 2) Data entered into L1 and L2 (or any fist)
2 ., 3) Stat, -> Calc, 8: LinReg(a+bx)
®1 ‘0‘0
L1
she ” r?
o 3T e 0 1 2 3
PN o4 %le *
1 “‘ _1
2
-3 : 5) Screen shouid display rvalue.




Correlation C oeff cieLﬁt prnperties
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Drawing a ‘trmd fine' {in this course, called a. E..east&quarea ﬁegmsaim Lin& %..Eﬂi.,,); |

» always a iirm {we never uae curves in %ﬁiﬁ course)
« about half the points ahnve and half below

» average dzstanee of the points from the line {in the y—chfeatzan} is always zerfa,
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nssociation association * assocaatlon
« There is no formal agreement about what constitutes 'strong’ or ‘weak’
association. [t depends upon context (but rules of thumb shown above)
r is a measure of how close the points are fo the LSRL
Correlation Conditions and Properties
« Both variables must be quantitative.

outliers. Consnder computing wnth and without
outliers included.

» r has no units (although somei

» Correlation coefficient is very sensitive to incorrectly, report it as a percentage).

s ris unaﬁectéd by changes in

(Check for Imeanty and outfiers with a scatterplot). center or $cale of either variable.

y
assoclation - association assacﬁaﬁr.m asseaiatta :
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Although the "x' and 'y" data are connected, thé‘y are also each separate data sets . |
Remember, with a data set we can define things like the mean and standard f

N deviation, and we can also convert values to z-scores...
Data values ' 7 : Z-scores
/ls\ s f&
S 1
X : v 0

With (x,y) data, each variable has a mean, and standard deviation, and could be converted to Z-scores...

x data values Zy-soores
/é% S .,._,/L N
X ' 0
y data values : : Zy-scores

N

X-X,
%\—’ 2,=55 _p/é\

X, ' 0

Correlation coefficient only measures the strength of linear association
‘and it becomes invalid when slope approaches 0 or infinity ‘ r
a 13 (5F) )

n-197 8, 8,

1 &
=—— %z,,z}e

Since the correlation coefficient is & sum of the products of z scores, any point
that has a z score near 0 in either x or y doesn't contribute to r.

sSome wa'ys correlation coefficient, r, can be close 10 zero...

r is nearly C because
there is no
discernable trend of
any kind,

(L.8RL. is a horizontai
line at the average v)

t is nearly zerc because
sventhough there ls a
sirong association, i isn't
linear,

Zy s nearly O for all
these points,soris
nearly 0 even though
there is a strong linear
association.

is nearly O for all
these poinis,soris

B

though there is a
strang linear
association.




Linear Regression

Associations which are approximately linear on a scatterplot can be modelled
with a line cailed the Least Squares Regression Line (LSRL). (Also known

7~ less accurately as 'linear model’, 'line of best fit', or 'trend line').
9

100 200 300 400 500 §00 700 800
explanatory Yariable

8 " . - A residual is the error
'? ¥ (predicted W‘W{{fl““ " /,3» between what the LSRL. fine
» ' iduat predicts the y value will be

2 8y g residuatle) {for a given X) and the actual
86 , « 4 yjactual value) y value,
B | =5
& = o f sum
g, S~ = |3
2 v

2

Residuals can be positive or negative. To minimize the overall error, we
square each residual and sum all the squared residuals. We then adjust the

line so that the total sum of squares is minimized.

Let's look at a specific, small data set:
The LSRI. is the equation of the line which has the

© DN e
O (0w B

N smallest sum of squares of the residuals {errors)
o
#
wishow LRI, 4
Hrshow Centickd s
#

. g
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https://www.geogebra.org/m/PQEXvW9#material/crBa6 TAWhtt
Linear Regression on Tig4
If you have the full data set, you can find the LSRL with a calculator:

1) Mode, Stat Diagnostics: set to ON (only done once)

2) Data entered into L1 and L2.
: careful, there is an ax+b also
3) Stat, -> Cale, 8: LinReg(a+bx)y« """ ( )

4) or LinReg(a+bx) 1.1,1.2,Y1

"N ) »=(53.8471)—(0.5728)x

steps = (53.8471)— (0.5728) height

Aorn_
/4
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Q= a +bx
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Y

o Slope
i ¢ ALY
J {a) r (&



Linear Regression 2
- B
o . , B
— Equation of the LSRL. %
A _ .
y=a+bx (calculator) 2
A ‘. N 2
y=b,+bx (textbook) 3
‘ g
y=(53.8471)-(0.5728)x &
2
expianatory variable ‘height, In)
b: slope a: y-intercept
For sach increase of 1 explanatory variable Most of the time, a doesn't have
unit, the LSRL predicts an increase (or any particular meaning.
decrease) of b units of the response varfable.
“Eor every 1 added Inch in height, the ;A ff{rsgg gggf:‘s fem inches taﬁ fs':aradictsd
number of steps decreases by 0.5728 steps, ~ '© 18K8 93.9471 Sleps, on average.
on average.”
Linear Regression : Using the LSRL
The LSRL is a model that can be used to predict the vy value for a given x value.
Interpotation
Using an L8RL. to pradict when x
‘ is inside the range of the data
N sel. '\ ® w.. Extrapolation
ot . . Using an LSRL to predict when x
et is outside the range of the data
8t set,
3]
o | Caution: extrapolation makes the
& assumption that data in a range
g we have no evidence about will
=1 cohtinue following the same
v pattem.
6 exﬁianai‘ery variable
What does the LSRL predict will be the number of steps a person 59" tall will take?
— w ~ _ y ‘ .m ‘
R y=(53.847)+(-.5728)x
oo
87 DI R E S ( } 4y =208
m$ ‘;ﬁ - e & " "‘“’2342*@ ixf} «w»?’.@ .
%% : 2o st |
H ﬁ% £ h‘nz) 80 ‘
eight (inches : ?
i Cq"fﬂ/ (S

What does the LSRL predict will be the number of steps & perscn 82" tall will take?
/\ - 5’ (3 ? -
9 =53 8




r*: Coefficient of determination

The value r is calied the coefficlent of detomlnat!on anditisa measure of how ? T
‘good’ the LSRL is at explaining the variation in y as x varies. i

You can think of 2 (x100) as the percemage B
of variation in the response variable that is ‘

e EXD2INE DY the LSRL which relates |
explanatory variable to response ‘Var;’able.

The reason why this is true is explained very well in the math box on
p.172-173 of your textbook, but we can also explain intuitively here with
our LSRL applet. ‘

One way to explain this is to consider if there were no association between x and y:

Wishow LERL 2
BiShow Centroldiemg Mel

This wouid mean that the y values are varying randomly, but not in any way connected
with the X values, 1t would also mean if there is no assoctation the LSRL slo e.-O :

The sum of squares of the areas then represents the totat 'error’ or variation iny
(16.65). ;

If we then adjust the LSRL for minimum error...

WMishow LSRIE 4
¥ Show Centroid

maw,j!e//f s
' 8

10 49 |

.= {),63 or 63% of the variation in y is still present after we acc

- That means

for as much as we can with the LSRL. Which means about 37% of the Jjariat'ion i
is explained by the LSRL relating y-to x. (The calculator shows this is 39‘5[’(19).

(If you want to see a derivation showing why r* works this way look at
TAnalysis: What does r-squared tell us™ on the www.mrfelling. com site)

r? = 1,0 would be a perfect model (every data point is exactly on the LSR '

r = 00,0 would be a terrible model. B

Real models are between these extremes. Let's check the coefficient af ;
determination for our steps vs. height model. H

- |
This means that approximately 76% of the variation in number of steps, frcm perscn i
to person, is associated with a person’s height. The remanmng 24% of varlafson sn ‘ i
number of steps must be due to other factors. 1 3 bl




Residual Plots | il
A residual plot for a given linear regression shows the residual (r) vs. x.
Examples: Sketch residual plots by hand for each data set 1
X ¥ ) %x ¥ ; } E
1 8 1 2 |
2 22 2 18 o
3 28 3 28 I
4 48 4 30 :
5 51 5 82
6 ;

*
>
L)

31

? . Scatter plots

 Residual pio{s

»
.

' »

v hlm
Vi Cdrmﬁ around

If the residuals are randomly scattered around '0' then you know that a linear model is
- appropriate. (Residuals make it easier fo see non-linearity compared to scatterplots.}

To do residual plot on Tig4, after running a LinReg as normal:

* 2nd, Y= (Stat Plots)

« Re-enter the stat plot you are using, or enable Stat Plot 1

« Change the Yiist for RESID (2nd LIST)
o Zoom, 9. ZoomStat .

A residual plot for a given linear regression shows the residual (r) vs. X.

ot ]

£

i5 20

Scatterplot

Steps {coun

5 10

50

6 70
Height {inches)

Residual plot

Residuals (count)

) Height (inches)
Linear model appropriate

« Siope of an LSRL through residuals is always zero.

s Mean of the residuals is always zero.

« Standard deviation of the residuals is a measure of hoﬁw pbint;s are spread ‘

around the LSRL.

BG

80 » 3%
.

Linear mod

+he. &S

i @-e @ﬁy)\o@ @ &lﬁ‘f@

O

78




Getting Equation of LSRL from software output

One way 1o get an LSRL equation (if you have the data sef) is to éeﬁarm‘h'hiaﬁag and %he ‘éalculaicz:
will provide the equation, r, and ¢? value. But sometimes, a problem will not give|you th
instead provide the output of analysis performed by someons else using a sofj(wgife‘ prograjam:

this row about intercept term (&) wwwwwws Cangtant
this row about the x variable term (D)= Time -

5)ma+bx

AN
I S
I IR
B |

e data set, but

Dependent variable is: m%;:sémmilm L
No Selector , S B
A squared = 80.8% R squared (adjusted) = 90.6%

§= 3472 with 43 - 2= 41 degress of freedom

Bource Sum of Squares  df  Mean Suuere  Furatio
Hogression 4800.5% 1 490055 407
Residual ~ 494.198 41 120686
Yariable Cogtticlant 50 of c&mﬁ!‘ twlﬁi‘a peoh
40.8266 1,205 811 500001
-5.95858  0.2956 £ 0.0001

-20.2

Dependent variable is: [concenteation] Y vaé;*iabie

No Selscto b
A :&q = GUB8% 1 R squared (adjusted) T“ $0.6%
S = o472 W 43 - 2 =41 degrees of eedom

Sum of Squarsa ot waan ’Q'qua‘w Foratio

Souree
Regression  4900.55 1 490055 407
Residual ~ 494.199 41 12.0536
- . Variabile Gostticient 50, of Conff f»r#;iti‘a prob
this row about intercept term (8) wwwwwws Congtant 40,3286 = a 1.295 a1.1 % 0.0001
this row about the x variable term (b)=[Time]  -5.95956=p0.2966 = -20.2 = s 0.0007
X variable ‘ '
From this software, we can get the foliowing info...
f
}% | « concentration = 40.3266 - 5.95956 (time)
3 F=0908 r=1:J0.908=1+0953
£ | and slope is negative, so 1 is also negative:
O Time r=-0.953 :
Relationship between slope b, r, and Scatter plot shape:
Slope b is related to the slope of the LSRL:

{r value varies independently of slope, but it does match the sign cf the

Correlation r is related to how fightly grouped the points are around the i.sRLl:

slope)




Using the slope equation

(If you don't have the full data set, or a software analysis output, you can still calculate
various useful information.)

A very useful equation: | = ,,.__*S'_y_ v : *TM}({, Are “{[
- worked ont- 11 e
regu NP /ma}‘mg

(If you want to know more about this equaﬁon; look at "Derivation of
the b=r(sy/sx) equation” on the www.mrfelling.com site)

Here, we'll look at a few things that you can do with this equation. 4
1) Given summary statistics (but no data) find the slope and LSRL

height = 65.8333 in steps =16.1389
. =-—.8734
Speign = 4-9598 in 5. =3257

steps
a) Use formula to calculate b.

b) Find y-intercept a - the centroid (X, ) will a/ways lie on the LSRL.
¢) Write out the LSRL.

2) Find LSRL if x and y are swapped
Steps = 53.846 —0.5728 height

—0
- 28
steps =16.1389 § ~
w
ge
2
13 w
(-]
0 10 20 30 40 50 60 70 80
r=-—8734 0 5 10 15 20 25

Height (inches)

Steps (count)
height = 65.8333 in

Does r change? no (r measures strength of association, swap does not affect r)

K
Does b change? yes Before swap: b =r-% After swap: b=r Sy

Sx § ¥

3) Given data value std dev in x. find corresponding std dev iny

If a student's height is 1.2 standard deviations above the mean height of the clas

many standard deviations above the mean number of steps would you predict th
student's number of steps to be?

(When considering standard deviations, these are z-scores, S0 §, =85, = 1)

Why does this work? Standardizing a scatterplot...

The general shape of a scatterplot remains the same even if the units are changed, but may look stretched
depending upon the scale size. But a consistent scatterplot shape can be produced by using the z-score
standardized values for each variable, so that each axis plots number of standard deviations a value is awa

y
from that variable's mean: P
- - - bty
p=Xx (z z )= X-Xx y-¥ origin (0,0) zZ, s,
s =y s, corresponds to z, ()
b=yl
- &9 z, A
=& % o~ Z,=rZ,
o ® , - m
g 2 o - 1.2 8D above avg height
3] 19 =1.2
S w N>'m o .
2~ 2 > 7
] S - centroid P ¥
5e 17
[T+ Erd
(%) .
60 70 80 =~ : this student
i i - 4 0 1 2
Height (inches) 2z (standardized height)

5s, how
is

/’maﬁsﬁ‘m




The 3 ways to find the equation of an LSRL...

1) K you have the full data set:
Use calculator. Enter data in L1, L2 and run LinReg.

2) i you have the output of a software analysis:
Use the values in the table:
« Look for the word "coefficient’ or ’estimate’.
« One row is for the y-intercept, labelled ‘constant’ or ‘intercept’.
(The coefficient of this row is the y-intercept, 'a’)

+ One row is for the x term, labelled the name of the x-variable.
 (The coefficient of this row is the slope, 'b’)

3) If you have no data or software output, but summary data on x and y:

s |
» Use the formula b =r-L to find the slope, b,

» Solve for y-intercept, a, by plugging in the centroid (;,3;)
(the only point that is always on the LSRL) and solving for a.




- " The effect of outliers on linear regression  hitps://www.geogebra.org/m/NZpWpCW8

R

Y

Any outlier deserves attention due to the unduly large effect it may have on results.
Outliers may (or may not) affect correlation and/or slope.

i ¥ ok g ¥

~and you can think of It ke & ‘fulcrum’ of a lever.

A data point whose x value is the same as the fuicrum will have no sffect on the LSRL, but a line
whose x value is far away from the fulcrum has a large effect and we say this is a high leverage
point. »

The point (X, y}ls always on the LSRL

But for the point to cause a change in slope of the LSRL, it needs to have a high residual. A point
already near the LSRL won't ‘push’ the LSRL and cause much change. If a point has high leverage
and high residual (so that removing it or adding it causes a large change in the LSRL slope) we say
that point is influential. £9J

J
¥
¥
4
® » . 4
(X, ¥) (X, ¥) &V
high leverage high residual but high leverage
small residual, not influential  Jow leverage, not influential  large residual, influential
on ‘7\0@6 ot 5\’3@@/ : on slog-€

Outlier effect on correlation

Pl L e

« Correlation is the measure of the strength of the association and is high (close fo + 1 or -1} if the

1 i(xs “““*"7) (‘yi “‘*3"}

‘points are grouped tightly around the LSRL.

« Correlation is calculated as sum of products of standardized distances X
and y from the mean, so a point has a large effect on correlation if it is far

from the "fulcrum’ in both x and y. @ n-1% s e
. b L 1 >
o0 e
e 4 ® L
b4 *." @ : Q“ :
9 (x.y)
doseto(X,y)iny close fo (X, §) in X
litfhe effact on correlation little effect on correlation
» n'*’“ ,,,,,,,,, st
3 ‘, vvvvvv 4 | ] % ...........
® KoL , & B L
. ﬁg_ e
XV Y
far from ":.'(‘,?""; inbothxandy ~ , - e g
! fongl é af‘f)écifs omanid b far from (X, y) in both x and y

strongly affects correlation

including this point strengthens inciuding this point weakens correlation

correlation
[ (A 764517»/) orats are (in genmgﬁ onls are.
Vows cloter o LSAL) poos Anther byom £524)
e ——0 — | - O /
& r=> —_— T &




- Association (correlation) does not imply Causation

So, if we want people to live longer, we should
just give them more TVs, right?

A strong association between two variables
does not mean that one variable is
causing a change in the other variable.

life expectancy

number of TVs per housshold

What might be going on here to explain this?

life expectancy

wealth
number of TVs

Both life expectancy and number of TVs might be changing according to -
the value of another variable such as wealth.

' . ) : life expectancy
Lurking variable: When one variable causes two other wealth
variables to change together, making them appear associated. Jurkin
(Used by our textbook, not an official term) ( o) number of TVs
Confounded variables: When the effective of »= new medicine
multiple explanatory variables on a response i (confounded) T~ health outcome
variable can't be separated. ’ e patient age —

(Official term, used on AP Statistics Exam)

Association: General term meaning there appears to be some relationship between variables.
- (Official term, used on AP Statistics Exam)

Correlation: Precise term describing the strength and direction of a linear relationship (usually taken
to mean the correlation coefficient, r}
(Official term, used on AP Statistics Exam)
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Standard explanation wordings: 26
'é 24
slope, b: B2
"For every 1 added inch in height, the number ; 20
of steps decreases by 0.5728 steps, on 2
average.” 218

Pl
E-

. . 80 [:3:] 70
intercept, a: Helght (In)

"A person who Is zero inches tall is predicted ~
fo take 53.8471 steps, on average.” _ y= (53.8471)*(0.5728)35
r=-0873 r*=0.763

association / explaining r (correlation coefficient): s =158
"There is a linear, negative, fairly strong association between number of steps and height".

¥ (coefficient of determination):
"About 76% of the vatiation in number of steps is explained by the LSRL which relates

number of steps fo height.”

s (standard deviation of the residuals).

"The actual number of steps (for a given height) are 1.58 steps away from the predicted
number of steps, on average.” or "The average error hetween actual and predicted number

of steps for a given height js 1.58 steps.”




