AP Statistics — Lesson Notes - Chapfer 6: Standard Deviation, Normal Model

Comparing rgsults from different datasets sh doak 1
Scores for college-bound students on the SAT and ACT fests are unimodal 2,2, _ jsom
and symmetrical with the following means and standard deviations: T - &
SAT: %= 1500, s =250 ACT: X=208, s=48 S St lavS above s,
Which of the following students has a better score? . - Studsort-2: '
Student 1: SAT score of 2030 @;r:t 2. ACT score of 32 32 = 29,9 o 233
Both seem substantially above the mean. Standard deviation is a measure of spread, H.8 sl deys adove o

so0 what if we figured out how many standard deviations each is above its mean?

Determining the number of standard deviations a given data value, x, is above its
mean s called calculating the data value's z-score:

. .-f - how different this value Is from the mean
=

Ky - gverage difference from the mean

Because z-score has no units, it can be used to compare results from different
datasets.

Normal distribution model

How many standard deviations away from the mean does a data value have
to be to be considered ‘significantly different’ than the mean?

In order to answer this, we need a way to model the distribution of the data values.
Many datasets are unimodal and symmetrical, with most of the data grouped
ar%mci the mean and lower fequency as you move away from the mean on both
sides.

Datasets like these can be modeled using a Normal Distribution Modet:

Don't need to know, but in case
you're interested here is the
probabifity density function
modei for a Nonmal distribution:
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Normal distribution model . K.of' IPRM
M4

g
The population ? (N Greek letters for populations

B =mean (mu’mew)

o = standard (sigma)
deviation

These are called the parameters.

4
A sample from 7} English alphabet letters for samples
the population | —
) i J‘ X = mean
- s = standard
deviation
_ These are called statisfics.
X Notation for Normal

distribution model: N(H .0 )

Every time you work a problem involving a Normal distribution, you should sketch
the distribution and mark the mean +/- 1 standard deviation, like this:

_. (draw the 'ninja’)

4""'

60.7% of the
way up

(a little more
than halfway
up is good for
sketching).

~ We can represent the Normal model data values using the original data values (x)
or we can standardize by transforming all the x data values into corresponding
z-scores. This produces a Standard Normal Distribution.

-
/H.

85 70. 15 80 af 301 95 100

. n » ; \
""’“’E’ f;ﬁf;':)“t“’" Standard Normal Distribution

N(85, 7) B | ‘*,;m%’



Normal distribution model
The Normal distribution model is a probability density function, which means:

+ The area under the whole Normal curve is 1.
(The sum of all probabilities/percentages = 100%)

+ The area under the curve between two x or z values is the
percentage of the data in this range (or the probability
- that one value selected at random will be in this range).

Two calculator functions for normal distributions:
normalcdf({lower, upper, mean, std dev) || invNorm{area to the left, mean, sid dev)

use normaledf when you have use invNorm when you_ have an
boundaries and need area, area and need a boundary

probability, or percentage

Example: The scores on a test are Normally distributed, with @ mean of 85
and a standard deviation of 7.
a) What percentage of scores are between 70 and 867
b) What percentage of scores are between 78 and 927
¢) What percentage of scores are between z=-1 and z=1?
d) What percentage of scores are below z=-1.57

e) What score is required to be in the top 1%7?
(work both ways, using z then x)
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Example: A data setis Normally distributed. o 2z 1nthb/m (_-"W & ‘)
a) What percentage of the data is within 1 standard deviation of the mean’? = 2,3%2
b) What percentage of the data is within 2 standard deviations of the mean? . 2= R-=A
¢) What percentage of the data is within 3 standard deviations of the‘mgan? g x_ is
a) Ma/ﬂ\zl{dé{ —, 0,) = 683 2363 = 5
‘ sexug..ﬁa)x 1ol
b) VloﬂMa((d-F(-Z,zlo/l) EA)Y | | |

) uo/ﬂta((d-(i[-"*' 3,0,/ )4 "m?



The 68-95-99.7 Rule... {memorize the 68-95-99.7 % values)

What percentage of data is above 20 ?

We still haven't answered this question...

"How many standard deviations away from the mean does a data vaiue have to
be fo be considered 'significantly different’ than the mean?"”

2¢ from the mean 3¢ from the mean
= top/bottom 2.5% = top/bottom 0.15%
How far away is 'unusual’?
i 1
outliers ; M outliers
Q1 a3 {
i
Lower fence = Q) ~1.5I0R R Upper fence = Q3 +1.5IQR
= - 6745~1.5(1.35) = ~2.7 =.6745+1.5(1.35) =2.7
-2.7 stdd devs *2.7 std devs
i
H
i
]
1
]
i
i
i
25 !
]
9 ®

74, = invNorm(.25,0,1) = 6745 |
25 = invNorm(.75,0,1) = 6745
IOR = 3~ Ol = 6745 —(~6745) =1.35
For normal distributions. ..
o +/- 2 standard deviations from the mean is the top/bottom 2.5% {for normal
distributions). _ o,
» The IQR rule for outliers ('fences') are at +/- 2.7 standard deviafions from the
mean (for normal distributions).

o +/- 3 standard deviations from the mean is the top/bottom 9,1\5% {for normal
distributions). .

Most people would say ‘unusual' starts somewhere between 2 and 3 standard
deviations away from the mean.



Use calculator

Nr 8

8 9

o Construct a Normal Probability Plot (NPP}, also known as a Quantile Plot.

Two ways to determine if a dataset is nearly Normal condition:

deviation if the distribution is unimodal and symmetrical. This is referred
o Construct a histogram.

In earlier chapters, we've said that we should only use mean and standard
to as Nearly Normal Condition.

Determining if it is appropriate fo use a Normal distribution
Normal Probability (Quantile) Plots
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How does a Normal Probability Plot work?

For a perfect, theoretical, Normal distibution, we could use invNorm to calcutate z-scores for the
koundaries between sach group of 20% of the population.

60 70 80 90 100

Actual data at location marked with red arrow is in the 4rd quintile but in 3nd guintile in model so
actual z-score will be higher than theoretical. All points in middie of data set are shifted fo the right of
theoretical, but catch up to line at end of distribution - most of 5th (gray) quintile is in 5th quintile of
model as well, This results in the curved piot.

How does a distribution change if we add or multiply all data by a constant?

Add a constant ...center changes,
to each data value... but spread does not
change.

Multiply each data
value by a constant...

«center and spread
both change.

If y=ax+b (multz]ply by a, add b to each data value)

H,=ap +b

med , = amed, + b

o’ =d'o’, o
=lalo,

IOR, =|a| IOR,
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