AP Calculus BC

8.1 Worksheet

Verify the solution of the differential equation.

1. Differential Equation: y’ =5y Solution:
. . — ;. 2xy .

2. Differential Equation: y’ = P Solution:

Verify the particular solution of the differential equation.

3. Differential Equ: 2y +y' =2sin(2x) — 1
Initial Condition: y (g) =0
Particular Solution: y = sin(x) cos(x) — cos?(x)
4. Differential Equ: y'=—-12xy
Initial Condition: y(0) =4

Particular Solution: y = 4e=6%"

Name:

Period:



Determine whether the function is a solution of the differential equation xy’ — 2y = x3e*.

5. y=x

6. y = In(x)

The graph shows some curves from the general solution to the differential equation. Find the particular solution of the
differential with the indicated coordinate as an initial condition.

7. y=Ce*? 8. 2x2—y?=¢(C

2y"+y =0 yy'—2x =0




Verify that the general soln. satisfies the diff. equation. Then find the particular soln. with the initial condition.

9. y = Ce % 10. 3x2+2y2=C
y' +6y=0 3x+2yy'=0
y=3whenx =0 y=3whenx =1

Use integration to find the general equation of the differential equation.

11, Y= 1242 12 Y q10x*— 243
dx dx



13. 2 — sin(2x) 14, Y- gsec?()

dx dx

A differential equation and its slope field are given. Complete the table by determining the slopes (if possible) in the
slope field at the given points.

dx y




17. Match the slope field with the differential equation.

A B C D

y'=sin(2x) _____ y' = %cos(x) - y' =e L y =x



Use Euler’s Method to make a table of values for the approximate solution of the differential equation with the
specified initial value. Estimate y(0.4).

18. y=x+y y(0) =2 n=10,h=0.1

19. y' =e* y(0)=1 n=10,h=0.1



8.2 Worksheet

Find the general solution of the differential equation.

1. ar = 75¢ 2. ar — 75s
ds das
3. yy' = 4sinx 4, xy =y

5. V1—4x?2y' =x 6. 12yy' —7e* =0



Find the particular solution that satisfies the initial condition.

7. yy'—2e*=0, y(0)=6 8. \/§+\/§y’=0, y(1) =9

9. Z—: = uvsin(v?), u(0) =1 10.  2xy'—In(x*) =0, y(1) =2



1. L =er2 10)=0 12.  dP—kPdt=0, P(0)=P,

13. A calf that weighs 60 pounds at birth gains weight at the rate

‘fi—“: = k(1200 — w)

Where w is the weight in pounds and t is the time in years.

a. Solve the differential.

b. Use a graphing calculator to graph the particular solutions for k =0.8, 0.9, and 1.

c. The animal is sold when its weight is 800 pounds. Find the time of sale for each of the models in part b.

d. What is the maximum weight of the animal for each of the models in part b?






8.3 Worksheet
Write and solve the differential equation that models the verbal statement.

1. The rate of change of Q with respect to t is inversely proportional to the square of t.

2. The rate of change of P with respect to t is proportional to 25 —t.

Write and solve the differential equation that models the verbal statement. Evaluate the solution at the specified value
of the independent variable.

3. The rate of change of N is proportional to N. Whent =0, N = 250, and when t = 1, N = 400.What is the value of N
when t =4?

4. The rate of change of P is proportional to P. When t =0, P = 5000, and when t = 1, P = 4750. What is the value of P
whent=5?



Complete the table for the radioactive isotope.

Isotope Half-Life (yrs) Initial Quantity Amount after Amount after
100 yrs 10000 yrs
5. 226Ra 1599 20g
6. 239py 24100 0.4g

7. Radioactive radium has a half-life of approximately 1599 years. What percent of a given amount remains after 100

years?

Complete the table for a savings account in which interest is compounded continuously.

Initial Investment Annual Rate Time to Double Amount after 10 yrs
8. $1000 12%
9. $750 7.75 yrs




10. One hundred bacteria are started in a culture and the number N of bacteria is counted each hour for 5 hours. The
results are shown in the table below, where t is time in hours.

t 0 1 2 3 4 5

N 100 126 151 198 243 297

a) Use the regression capabilities in your graphing calculator to find an exponential model for the data.

b) Use the model to estimate the time required for the population to quadruple in size.



11. The management at a certain factory has found that a worker can produce at most 30 units in a day. The learning
curve for the number of units N produced per day after a new employee has worked t days is

N =30(1 — e
After 20 days on the job, a particular worker produces 19 units.

a) Find the learning curve for this worker.

b) How many days should pass before this worker is producing 25 units per day?



8.4 Worksheet

Match the logistic equation with its graph.

i e 1 =t » 1
4 6 810

"

—t= —— = ey
~6-4-2 6-4-2 £ 2 4 6 810 -6-4-2 1 2 4 6 810

12
1 =

y 1+et

12 12

3 = 4. =
1+%e—t Y= Trezt

The logistic equation models the growth of a population. A) find the value of k, B) find the carrying capacity, C) find the

initial population, D) determine when the population will reach 50% of its carrying capacity, and E) write a logistic
differential equation that has the solution P(t).

2100
> @) = 1+29e~0.75t



6000
6. P(®) = 1+4999¢~08t

The logistic differential models the growth rate of a population. A) find the value of k, B) find the carrying capacity, C)

use a computer algebra system to graph a slope field, D) determine the value of P at which the population growth rate
is the greatest.

7. Z=3pr(1-)



ar

= 0.1P — 0.0004P?
dt

Find the logistic equation that satisfies the initial condition. Then use the logistic equation to find y whent=>5 and
t =100.

dy _ _l e ey ey
9. ==Y (1 36) initial condition (0, 4)



LL_D_2 initial condition (0, 8)

11. Describe what the value L represents in the logistic differential equation

2= 1o(1-3)



L

_ . . - . dy _ v
Y =1, Isasolution of the logistic equation - = 075y (1 —)

12. It is known that
2500

Is it possible to determine L, k, and b from the given information? If not, which value(s) cannot be determined and
what information do you need to determine the value(s)?

13. A conservation organization releases 25 Florida panthers into a game preserve. After 2 years, there are 39 panthers
in the preserve. The Florida preserve has a carrying capacity of 200 panthers.

a) Write a logistic equation that models the population of panthers in the preserve.
b) Find the population after 5 years.
c) When will the population reach 100?

d) Write a logistic differential equation that models the growth rate of the panther population. Then repeat part b
using Euler’s method of approximation with a step size of h =0.1. Compare the approximation with the exact number.

e) After how many years is the panther population growing most rapidly? Explain.



14. For any logistic growth curve, show that the point of inflection occurs at y = L/2 when the solution starts below the
carrying capacity L.



Calculus 2 - Unit 8 Test REVIEW

Solve the differential equation by separation of variables:

#1. %nyz if y(l)=3.

. %=(2+x)y2 it y(2)=4.
#3. xyy' =3+x" if y(l):2.
dpP

#4. —=kP if P(0)=20.
dt

45, %=0.5y—0.004y2 it »(0)=30.

Exponential Growth/Decay problems:

#6. When a child was born, her grandparents place $1000 in a savings account which earns 12% annual
interest compounded continuously.

(a) How much money is in the account when the child is 20 years old?

(b) At what time had the $1000 doubled to $2000?

#7. A radioactive sample which contained 50 g of mass at time ¢ = () decays exponentially. After 75
days, the mass of the sample has decreased to 30 g.

(a) Write a differential equation which models this scenario.

(b) Solve the differential equation to write remaining mass as a function of time.

(c) What mass remains at ¢ = /00 days?

(d) At what time was the initial mass reduced by 20%?

#8. A rabbit population with an initial size of 500 rabbits grows at a rate proportional to its size.
(a) Write a differential equation which models this scenario.
(b) Solve the differential equation to write the population of rabbits as a function of time, if there were
1200 rabbits at ¢t = 10 days.
(c) How many rabbits will there be at ¢ = 50 days ?
(d) When was the rabbit population 900 rabbits?

#9. A large manufacturing firm’s training department has found that the number of minutes it takes
assembly line workers to build a product decreases over time as the employees become more experienced,
and that the time to build a product (in minutes) is inversely proportional to the number of days they have
been building this product.

(a) Write a differential equation which models this scenario.

(b) Solve the differential equation to write the number of minutes to build a product as a function of
days of experience, if it initially (in this case, the first day when #=1) takes employees 45 minutes to
build the product, but they can build the product in 10 minutes when they have 30 days of
experience.

(c) How many minutes does it take an employee to build the product after 10 days of experience?

(d) How many days of experience will it take for an employee to build the product in only 6 minutes?



Logistic equation problems:

#10.A virus spreads throughout a population according to the logistic differential equation
P_ 0.5y —0.004y*> where y is the number of people in the community who have been infected with the
virus and ¢ is the time in days.

(a) What is the size of this population?

(b) If 1 person is initially infected at7 = 0, find the solution for the differential equation.

(c) At the time when the virus is spreading most quickly, how many people have caught the virus?

(d) To the nearest day, how many days will it take for half of the population to be infected?

(e) Draw and label a sketch of the graph of y as a function of time. (Label any significant parts)

#11.The rate of growth in a population of rabbits in a forest is proportional to current number of rabbits,
but there is a limit in the food supply, so it cannot grow without bound. The carrying capacity of the
forest is 40000 rabbits.

(a) What is the logistic form differential equation which models this situation?

(b) If there are 500 rabbits atz = 0, and 2000 rabbits at ¢ = /0 days, find the solution for the differential

equation.

(c) To the nearest day, how many days will it take for the population of rabbits to increase to 20000?

(d) At what time is the population of rabbits growing most rapidly?

(e) Draw and label a sketch of the graph of rabbit population as a function of time.

Euler’s Method approximations:

#12.Given %=2x+3y and y(l):3
X

use Euler’s method to approximate y(Z) using increments of 0.2

Sketch slope fields:

#13.Sketch a slope field in quadrants 1 and 2 for the differential equation % =—x+2y
X

(include lineal elements for at least 15 points in your sketch)



