AP Calculus BC — Study Guide

Trigonometry...
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Reciprocal identities:

sin x =
COSX =
tan x =
CSCX =
SECX =

cotx =
Reciprocal identities:

tan x =

cotx =

Pythagorean identities:
sin® x+cos” x =
1+tan® x =
1+cot’ x=

Power-reducing identities:

sin’ (x) =

COS2 (x) =

Double-angle identities:
sin(2x) =

l‘ﬁ\ (cos 9, sin0)
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sinx =
CSCXx
1
Cosx =
secx
1
tanx =
cotx
1
CSCX =—
sin x
1
secx =
COS X
1
cotx =
tan x
sinx
tanx=——-
COSX
COSX
cotx =—
sin x

sin® x+cos’ x=1
l+tan® x =sec’ x
1+cot’ x=csc’ x

sin? (x) _ l—cozs(2x)
cos” (x) _ 1+c025(2x)

sin (2x) =2sin (x) cos (x)



cos(2x) =
cos(2x) =cos” (x)—sin’(x)

Curve shapes (sketch)...

f(x) =y’

f(x)=In(x) #i) =) L LA

f(x):cos(x) f(x)=cos(x) /0‘\,




Conic sections...
Convert to standard form and sketch: Parabola: : 2p Focus 2p y,

¥ —6x—8y—7=0 X' —6x—-8y—7=0

X —6x+9=8y+7+9
(x—3) =8y +16

(x—3)2=8(y+2) (x—h)2=4p(y—k)
(

h, k) =vertex p =distance vertex to focus and directrix

O’ +4y* —36x+8y+4=0 Ellipse :
9x* +4y* —36x+8y+4=0
o(x" —4x )+4(y'+2y )=—4
9(x" —4x+4)+4()" +2y+1) =—4+36+4
9(x—2)" +4(y+1)" =36
(=2 (4 (B (reh)

2

+ 1
4 9 a’ b
(h, k) =center a=dist.center to vertex in x
b =dist. center to curvein y
Circle :
ib special case of ellipse with a=b:

0 1 é
Center:

(x=2) (p+1) _
4 4
(x=2) +(y+1) =4

1

x> —4y* —18x—16y+29=0 Hyperbola :

9x* —4)* —18x—16y+29=0

o(x" —2x  )-4(y +4y )=-29

9(x" —4x+1)+4()" +2y+4)=—4+9+-16
9(x—1)" —4(y+2) =-36

4(y+2)° -9(x~1)" =36

s BT

9 4 a’ b
(h, k) =center a = dist.center to vertex on transverse axis

b =dist. center to edge of asymptote box



Limits and Continuity...

What must be true for lim f (x) to exist?
XxX—>c

lirgf(x):L: lin}f(x)

where L is a finite number

What must be true for f (X) to be continuous at c?
1) f(c) must exist
D i f(x)=L=Jim /()

limit must exist

3) f(c)zL
Evaluation tactics...(evaluate these limits):
. x=3 .
Iim > Plug in:
x~>2x _7
x-3 (2)-3 -1 1
m2—= ) ==
X2 x° =17 (2) -7 3 3
x* =25
lim Factor and cancel:
x5 x—=5
7 =5)(x+5
lim* =2 (0 :ﬁmmzhm(ﬁs):lo
x5 xX— 5 O x5 X— 5 x5
x> =81 . .
lim Rationalize:
x—9 Jx _3

e _m(x2—81)(\/§+3)
s )

= lim (x+9)(x+3) =(18)(6)

What is L'Hopital’s Rule?

If limM is indeterminant form 0 or =
x—>c g(x) 0 400
f(x) . ['(%)




Evaluate using L'Hopital’s rule:

) e
lim 2 % e x4 (o
2
x0 X7 X _
Slim 2 w2

lime_x\/)_c 1 -
X—»0 —

cotx
lim(l+gj function raised to a function? Ln of both sides...

x50
b Lig}(ngjm
o] o5
In(y)= lxig}:cot(x) ln((ngjﬂ (%lnl . 0)

X
ln(y) =lim| —— (6) [ Hopital's rule...

x=0 tan ( x)

Special memorized limits:
sinx

lim——= lim——=1
-0 x -0 x
hml—cosx: I l—cosx:O
x—0 X x—0 X

. 1Y . Y
lim|{ I[+— | = lim| 1+— | =e
X—>0 x X—0 x
lim(1+x)* = lim(1+x)* =e

X—0 X—0



Horizontal asymptotes occur when...

Vertical asymptotes occur when...

Derivatives...

Average rate of change of f(x) =

(fromx=atox=Db)

Instantaneous rate of change of f(x) atxis...

Limit definition of derivative, f"(x)=

Horizontal asymptotes occur when...
lir£1 f (x) = any constant

x—>+o

Vertical asymptotes occur when...
lim f(x)= o0

x—c

(whenever the function’s y value is approaching infinity
as x approaches a number — usually at uncancelled
zeros in the denominator of rational functions)

Average rate of change of f(x) = _f(blz_f(a)

Instantaneous rate of change of f(x) atx f'(x)

g f(x+h)—f(x)
f(x)—hmT



Derivative shortcuts...

d
E[C] =




Antiderivative shortcuts...

[0 dx= foax=c

[ede= fede=cx+C

[x" dx = [ dx =

[erdx= [erdx=e+C

[or = J‘e“xdx=§+c

[a* dx= [a dx:ln‘za)w

Iidx: Ed)czm|x|+c

[[sin (x) dx = [[sin (x) dx =—cos(x)+C

[[cos (x) dx = [[cos (x) dx =sin (x) + C

[[sec? (x) dx = [sec? (x) dx = tan (x) + C

[[tan (x) dx = [ tan (x) dx =In[see (x)| + € = ~In|eos (x)| + €
[[see(x) tan (x) dx = [[sec(x)tan (x) dx =sec(x) + C

[Jesc? (x) dx = [ese? (x) dv =—cot(x) +C

[eot(x) dx= [cot (x) dx =~Inesc (x)|+ € = Insin (x)|+
[ese(x)cot (x) dx = [esc(x)cot (x) dr = —cse(x) +C

1 L ‘(1j+c

1 11 x
= =—tan"'| = [+C
'|‘az+x2 Iaz+x2 a (a)

J' 1 = I ! =lsec’1 (fj +C
xx'—a’ xxt—-a® a a



Derivative properties/procedures...

%[f(g(x))} = (chain rule)

1) Implicit differentiation:

ex: Find % for xy3+3x2 :4_y5

2) Logarithmic differentiation:

(5):3 +2x)

ex: Find L for y=x
dx

d

—|cx =ci x| (constants can be moved out)
dx dx

%[f(x)ig(X)]=%[f(X)]i%[g(x)]

(derivative of each term separately)

21 10) o] ) ) ()

(1% times deriv. of 2" plus 2™ times deriv. of 1st)

i{f(x)} g(x)./"(x) -/ (x)g'(x)
dx| g(x) [2(x)]

(low-dhigh minus high-dlow over low squared)

()= (2l)-£ )

(deriv. of outside (with same inside) times deriv. of inside)

1) Implicit differentiation:

x%[ﬁ]w}%[xh%[w]:%[q_%[ﬂ

dy dy
3= [+ (1)+6x=0-5y* =
x(ydx] y() * ydx

dy 2 4 3
——(3xy° +5y" )| =—6x—
(307 +5)%) y
dy —6x—y3

dx  3xy* +5y°

2) Logarithmic differentiation:

In(y)= 1n(x5x3+2x)
In(y)= (Sx3 + 2x)1n(x)

% ln(y)] = %[(5)3 + 2x)ln(x)]
d

d—[ln(y)] = (S)C3 + 2x)%[ln(x)] + ln()c)%[(Sx3 + 2x)}

X

1d 1

;d—i = (5x3 + 2x);+1n(x)(15x2 + 2)
%{(sﬁ +2x)%+ln(x)(15x2 +2)}y

% = [(5)63 + 2x)i+ ln(x)(le2 + 2)}6(5““3”“‘)



Integral properties/procedures...

jcf(x)dxz

JLf(x)£g(x)]dx=

1) u-substitution (integral version of chain rule)

ex: _[xcos(xz) dx

2) by parts (integral version of product rule)

ex: jxln(x) dx

3) trigonometric integrals

ex: _[sin3xcos3xdx

J“" f(x)dx= cjf(x) dx (constants can be moved out)

JLr () ()] ds =[5 ()] e [ (x)] v

(can split into separate integrals for each term)
a b
[£(x)de=—[f(x) ax
b a

1) u-substitution (integral version of chain rule)

Ixcos(xz) dx u=x’

ﬂ =2x, du=2xdx, xdx= lafu
dx 2
substitute into original integral :

Icos(u)%du =%Icos(u)du =%sin(u) =%sin(x2)+C

2) by parts (integral version of product rule)
len(x)dx uzln(x) dv=xdx
du

1
—=— dv=|xdx
dx x I J.
duzldx v=lx2

X 2

substitute into pattern :
3 1, 1,1
uv—J.v du—(ln(x))(zx j—.[zx ;dx
:lx2 ln(x)—lj.xdx
2 2

=lx2 ln(x)—lx2 +C
2 4

3) trigonometric integrals

Isin3 xcos® dx (split off something to form du)
Isin3 xcos” x cos xdx
Isin:‘ x(l —sin’ x) cos xdx
J‘ ( -3 .5 )
sin” x—sin’ x| cos xdx
Isin:‘ X oS xdx — J. sin’ x cos xdx

) du
u =sinx, d_ =cosx, cosxdx=du
X

Iu3du —Iusdu
1

—u'—=u*+C =lsin4 x—lsin6 x+C
4 6 4 6



4) trigonometric substitution

1
ex: J.m dx

5) partial fraction expansion

1
ex: | ——dx
J.)c2—5x+6

6) complete the square to arctan form

4) trigonometric substitution

1
ex: | ——dx
J.xz —4x+13

Improper Integrals:

2

T 1
s

L
X

% 1 x* -1
7 cosfd=— tan @ =
7 x -1 X 1
1

=secl Jxt=1=tan@

%:sec@tané? dx =secHtan 8d6

l x:
cosd

5) partial fraction expansion
1 1 A B
jz—dx = +
X —5x+6 (x—3)(x—2) x=3 x-2
1

ey

dx A(x—2)+B(x—3):1

Ax—2A+Bx—-3B=1
(A+B)x+(—2A—3B) =(O)x+(1)
A+B=0

system : A=1,B=-1
—2A4-3B=1

+C

In|x—3|~In|x—2[+C =In|*—
e

6) complete the square to arctan form

j%dx x> —4x+4+13-4
x —4x+13 = =

(x—2)2+9

I;de nowu—sub: u=x-2, du —=1, du=dx
(x=2) +9 dx

izdx hm dx hm{—l—(—lﬂz—l—kl:OH:l
X b~>oo b—o0 b 1

| 00

Tldx i dx lim| In 6] —(In[1]) | =c0—0 =00

1 X b—x 1 b—w

(integral may converge to a number, or diverge)



Theorems...

What is the Intermediate Value Theorem? Intermediate Value Theorem
If f is continuous on[a,b), f(a)# f(b),and k is
any numberbetween f(a) and f(b),

then there is at least one number c in[a,b]
such that f(c) =k.

f(x)

a ¢ b

Note: This theorem doesn't provide a method for finding
the value(s) ¢, and doesn't indicate the number of ¢
values which map to k, it only guarantees the existence of
at least one number ¢ such that f(c) = k.

What is the Mean Value Theorem? Mean Value Theorem
Let f be continuous on[a,b], and

differentiable on (a, b) ,then there exists

a number c in (a,b)

such that f'(c)=

- tangent line

-
- = secant line

'f

-
(b, £(8))

1
1
1
1
1
1
1
|
L)
b

In other words, you can find a mean (average) rate of
change across and interval, and there is some input value
where the instantaneous rate of change equals the mean
rate of change.

(Special case when slope = 0 is called ‘Rolle’s Theorem’)

What is the Squeeze Theorem? Squeeze Theorem

) € fle) S glid

Ifh(x)Sf(x)Sg(x) for all x in an open ;
interval containing c, except possibly at ¢
itself , and if limh(x)=L =lim g (x)

flies in here

then lim f'(x) exists and is equal to L.

x—c




Different representational forms of relationships...

X= x(t)
Rectangular: y = f(x)  Parametric:
y=x(1)

Convert to rectangular form and sketch:

x=2t
y=4t+3

x=1+2cost
y=—243sint¢
Polar:
y

Formulas for converting polar - rectangular:

xX=

y:
2

X4y =

tan@ =

Convert to rectangular form:

x=2t
eliminate parameter by substitution
y=4t+3

t=—x, y=4(%xj+3, y=2x+3
3/

(include direction arrows)

x=1+2cost . )
. usesin“t+cos“t=1
y=-2+3sint
costzx—_l, sint:y—dlr2 2
2 3
2 2
-1 +2 0 2

(x4 ) +(y 5 ) =1 (ellipse)

Formulas for converting polar - rectangular:
x=rcosd

y=rsinf

x2+y2:r2

tan¢9=Z



Convert to rectangular form and sketch:

Convert to rectangular form:

r=8sind r=8siné
r* =8rsiné 6
x2+y2=8y i
X +y* =8y =0
X +(y—4) +16
0:5_7[ 4 2 1o 2 4
hY/4 6
0=— S5
6 tan @ = tan| —
6 w
1 (Sﬂj (lj 4 2 0 2 4
sin| = — EORREE
y__\6)_\2) _ 1 zR
X cos(”j 7_\/5 3
6 2
y=—=x
—/3
y
5
Vectors: |a|
ﬁ
Position: ¥ a =<ax,ay>, a distance of Z‘indirection@

ﬁ
Formulas for vector (a =<ax, ay>j:

—
al=

magnitude of a =

components .

(lX:

Vectors are equal if...

Find the vector from (1,3) 70 (9,4)

Vector-valued functions:
Input is a parameter (typically, t), output is a vector

5
Example: position vector: 7 ()= <x(z), y(z‘)>

Formulas for vectors:

magnitude of a =

= (e +(a)

components .

N
a.=|a|cos@

a. =|a|sin@

Vectors are equal if...their component values are equal.
%
a

=(9-1, 4-3)=(8,1)

Vector-valued functions:
Input is a parameter (typically, t), output is a vector

5
Example: position vector: 7 ()= <x(z), y(z‘)>



Arithmetic operations and properties for different representations...

Multiplication by a constant...

3(6,-3)= 3(6,-3)=(18,-9)

3 (x)- i3 (x) =3tim (4

d d d
~13/(3)]= ~3/(]=32Lr ()]
[3£(x)dx= [37 (x)dx =3[ s (x)dx

iSan = 23(1" =3i a,
n=l1 n=l1 n=1

In general, multiplication of objects other than numbers is not straightforward (derivative of function multiplied requires
product rule, integral requires integration by parts, multiplication of a vector by another vector not defined for this
class, cannot multiply two series in summation form.)

Addition/subtraction...

(8,1)~(2,5)= (8,1)=(2,5)=(8-2, 1-5)=(6,-4)

lim(x3 —l) = lim(x3 —l) =limx® — liml

X—C x X—C x X—C X—C x

d ) d )

E[f —sm(x)] = E[f —sm(x)] =3x" —cos(x)

[(x* —cos(x)) dx = I(x3—cos(x))dx=—x4 —sin(x)+C

PEMDAS still applies...
2(8,1)-3(2,5)

2(8,1)-3(2,5) = <16, 2> —<6,15> multiplication before addition
(16—6, 2-15)=(10,-13)

For vectors things like limits, derivatives, or integrals apply separately to each term:

{7 )= iy ) ={time” e )

%Rﬁ, zﬂ = %Rﬁ, t3>] =(2, 3)

[(e, )i = f(zz, z3> dt =<%z3 +C,, %z“ +C2> =<%z3, %z“>+g



For limits:

timf f (x) ] =

tim| 4/ (x) |-

X—>C

—2_
Derivatives in parametric form X=r=3 :
y =sin(¢)
@ _
dx
4y _
dx’

Derivatives in polar form r = 4sin(t9) :

b_
d

&

Ec is the slope of the tangent line on the x-y plane.

&

Ec is the slope of the tangent line on the x-y plane.

Horizontal tangents occur when...

Vertical tangents occur when...

dzy_a

d[coso)} (2¢-3)(-sin(1)) ~cos(1)2

2-3 (20-3)’

¢ (2-3) 2

x=rcos@=4sinfcos O

do

y=rsin@=4(sin 9)2
(4sin6)(—sin @) +cosO(4cosO) = —4sin’ @+4cos* 0
&sinfcos @

dy

dy _ (d@) _ 8sinfcosd

do

dx (dxj "~ _4sin®O+4cos> O

Horizontal tangents occur when...

@,

&

Vertical tangents occur when...—is undefined



Intersections are always system solutions
(find the intersections):

y=x"—6
y=-x

{r:3(l+sin0)

r=3(1—sim9)

x, =3sin¢ x, =3+cost
0<t<2r7@

¥, =2cost ¥, =14+sint

r =3(1+sin¢9)
{r =3(1—sin¢9)
3(1+sin@)=3(1-sind) =0, O==x
sin@=—sin @ r=3(1+sin0) r=3(1+sinzx)
2sin@=0 r=3 r=3
sin@=0 (r.0): (3,0) (3,7)

must also graph and check forr=0 (is an intersection here) :

forr=3(1+sin9)—>0=3(1+sin9),sin9=—1,9=37ﬂ-
forr=3(1—sin6’)—>O=3(1—sin9),sin9=l,9=%

SO (O, 3?”) and (O, %) (coincident, but not a ' collision'- different 9)

x, =3sin¢ X, =3+cost
. 0<t<2r
¥, =2cost ¥y, =1+sint¢
N =X N=N
3sint =3+cost? 2cost =1+sint
by calculator graph by calculator graph

att=1.5708, t=2.2143  att=0.6435, t =4.7123

(these are intersections, but not ' collisions' — different t)



Applications of derivatives...

What do each of these tell us about 1 ?

f"(x) is

Critical points occur when...

Inflection points occur when...

Relative (local) max occurs when...

Relative (local) min occurs when...

What do each of these tell us about 1 ?

f(x) is the y—value at x

f '(x) is the instantaneous rate of change ('slope') at x
f'(x)>0 fisincreasing /
f'(x) <0 fis decreasing N

f "(x) is the concavity ('curvature') at x
f"(x)>0 fis concave up J
f"(x)<0 fis concave down )

Critical points occur when f'(x)=0or DNE
and the sign off’(x) changes.

Inflection points occur when f”(x)=0or DNE
and the sign of /”(x) changes.

Relative (local) max occurs when f’(x) =0o0r DNE

and the sign of /'(x) goes from +to - 7\

Relative (local) min occurs when f’(x) =0o0r DNE

and the sign off’(x) goes from - to + N/



Using a graph of the curve r

Graph of f

Where is 7 increasing? decreasing?

Where is s concave up? concave down?

Where is s continuous?
Where is 7 differentiable?

Where are the following for 7 ?
- critical points

- relative maxima

-relative minima

- inflection points

What are the absolute max/min over [-2,1]?

-2,3)

-4, 1)
(1,0)

NN

3,-1)

Graph of f

Using a graph of the curve r

Graph of f
f is increasing over (O, 2) [ f going up]
decreasing over (—2, 0) U (2,4) [ f going down]

£ is concave up over (O, 2) U(2,3)
concave down over (-2,0)U(3,4)

1 is continuous over (-2,2)U(2,4)
1 is differentiable over (-2,0)U(0,2)U(2,4)

Where are the following for 7 ?
critical points at (-2,2), (0,0.5), (2.5,1)
no relative maxima

relative minima at (0,0.5)

inflection points at (0,0.5), (3,1)

What are the absolute max/min over [-2,1]?
Absolute min at (0,0.5), absolute max at (-2,2)

-2,3)

-4, 1)
(1,0)

NN

3,-1)

Graph of f

3

If(x)dX=area9=4+2—§—1:5_12[



Using a graph of the derivative ¢

¥

N

a

Graph of f"

Where is 7 increasing? decreasing?

Where is s concave up? concave down?

Where are the following for 7 ?
- critical points

- relative maxima

-relative minima

- inflection points

If f(2)=1, then f(-5)=

Using a graph of the concavity ¢~

/N

L T

Where is s concave up? concave down?

Where inflection points for 5 ?

Using a graph of the derivative 7

¥

N

a

Graph of f"
fis increasing over (=5,-2)U(2,5) [ /"> 0]
decreasing over (-2,2) [ f'<0]

f is concave up over (O, 5) [ f' going up]

concave down over (—5, O) [ f' going down]

Where are the following for 7 ?

critical points at x=-2, x=2 [f' =0]

relative maxima at x =2 [f from —to +]

relative minima at x =-2 [f from + to -]

inflection point at x =0 [f’ graph changing direction]

We can use the Net Change Theorem
( part of the Fundamental Theorem of Calculus) :

j £ (x)dc=F(b)-F(a)

evaluate definite integral by plugging limits into antiderivative
This also means an integral of a derivative of something is equal

fo the accumulation (net change) in the value this is a derivative of :

b
J1'(x)de=1(b)~f(a)
Pick one limit to be what you have and the other what you need :

J% f '(x) dx=f (2) -f (—5) and evaluate integral using areas
3—%;;(2)2 =1-f(-5),  f(-5)=1-3+27=27-2

Using a graph of the concavity ¢~

/N

L T

[ is concave up over (—1,2) U(4,6) [f” > O]
concave down over (-2,-1)U(2,4) [ JARS 0]

Where inflection points for 5 ?
at x =-1, x=2, x=4 [f” =0 and sign is changing]



Tangent lines...

Rectangular:

For (x—2)2 Jr(y+3)2 =4

(a) Write the equation of the tangent line at (1, —3+3 )

(b) Where does this curve have horizontal tangents?

(c) Where does this curve have vertical tangents?

Parametric:
x=2t—rsint
or

y=2—-rmcost
. . . 2
(a) Write the equation of the tangent line at t = 3

(b) Where does this curve have horizontal tangents?

(c) Where does this curve have vertical tangents?

For (x—2)2 +(y+3)2 =4
(a) Write the equation of the tan gent line at (1, —3+43 )

m= % [use implicit differentiation if needed ] :

(y—<—3+\/§))=%(x—l)

(b) Where does this curve have horizontal tangents?

where%zO (numeratorzO), -x+2=0, atx=2(2 points)

(c) Where does this curve have vertical tangents?

where % = DNE (denominator = O) , y+3=0, aty=-3 (2 points)

x=2t—rsint
or
y=2—-rmcost

2
(a) Write the equation of the tangent line at t = ?ﬂ

m:@z[?;)_ sint | ~ 7{\/25) _\éﬂ_\/g;,

= = = =7 _0.76193
dx (dxj 2-meost| 2=, ( 1) 2,7 44z

dt ’ 1 2

x=2 2z —7rsin 2z =4—7[—7z ﬁ =1.4681
3 3 3 2
y=2—n'cos[2?ﬁ)=2—n[—%)=3.5708

(»—3.5708) =0.76193(x —1.4681)

(b) Where does this curve have horizontal tangents?
dy .
where d_ =0 (numerator = 0) zsint =0
x
t=0,t=x (and other values, use calculator)

(c) Where does this curve have vertical tangents?
d
where Ey =DNE (a’enominator = 0) 2—rmcost=0

t=—0.8807,¢=0.8807 (and other values, use calculator)



Polar:
For r=4sin@

(a) Write the equation of the tangent line at 6 = z

(b) Where does this curve have horizontal tangents?

(c) Where does this curve have vertical tangents?

For r=4sin@

(a) Write the equation of the tangent line at 0 =§

i)
o _\do)

“ (%)

do

and x =rcos@ =4sinOcosb, y=rsin9:4(sin0)2
ﬂ=4sin6l(—sin9)+cos€(4cos€) Q=8sin90050
do do
ﬂ=4(cos29—sin29) ﬂ=85in6l0059
do do

Li2
_dy _\df)__ 8sinfcost |

dx (dyj - 4(cos2 0—sin’ 0)

=

Wiy

do

=-2\3=-3.464

x=4sin(§jcos(§j =4[§J[%) =3=1732

y=4(sin@)’ =4[£J2 =3

23
-1

2
(y—-1.732) =-3.464(x~3)

(b) Where does this curve have horizontal tangents?

where % =0 (namerator = O) 8sinfcos@ =0

0=0,t =§ (ana’ other values, use calculator)

(c) Where does this curve have vertical tangents?
where ? = DNE (a’enominator = 0) 4(0052 6 —sin’ 9) =0
x

t=-0.7854,t=0.7854 (and other values, use calculator)



Position, Velocity (speed), Acceleration...

In 1D:

An object moves in one direction with position x
given by x(r)=r' —41* +3.

(a) Find velocity as function of time.

(b) What acceleration as a function of time.

(c) What is the position of the particle at t = 2?
(d) What is the speed of the particle at t = 2?

An object is launched upward with an initial velocity of

30 m /s from an initial height of 1¢ » in gravity field

with a(1)=-9.8m/s".

(a) Find velocity as a function of time.

(b) Find height as a function of time.

(c) At what time does the object reach maximum height
and what is the max height?

(d) At what time does the object hit the ground?

In 2D (vector/parametric):

An object moves in the xy-plane with:
-
a velocity vector vy (z) :<z3 —5¢, cosz‘>

...or could be given as parametric equations:
x(1)=r -5t
y(t)=cost
%
(a) Find the position vector if x (0)=(3,0).

(b) Find the acceleration vector.

(c) What is the position, velocity, and acceleration
of the object at t =27

(d) What is the speed of the object at t = 2?

In1D:

x(t)=r -4 +3
x'(¢)=3t" -8t
V(t)=6:-8

a) v(1)
b) a(t)
) x(2)

d) speed =|v(2)| =‘3(2)2 —8(2)‘ =|—4| =4

c) X

(
(
(
(
a(t)=—9.8
(a) v(r)=[a(t)dt=[(-98)dt=-9.8t+C,
v(0)=30,5030=-9.8(0)+C,, C, =30
v(1)=-9.8¢+30
(b) x(£)=[v(r)de=[(-9.8t+30) dt =—4.9¢ +30t+C,
x(0)=10,5010=-4.9(0)" +30(0)+C,, C, =10
x(1)=-4.9¢ +30t+10
(c) Max height whenv=0: —9.8t+30=0, ¢t =3.06122 sec

x(3.06122) =55.91837 m
(d) On ground when x=0: —4.9¢° +30t+10=0

i ~30+,(30)" —4(—4.9)(10) e, 643950

2(—4.9)

In 2D (vector/parametric):

att

;)(t)=<t3—5tz, cost)
(a) r(t)=<J(t3—5t2)dt, .[(cost)dt>=<it4+cl, sint+C2>

V(0)=(3.0) so0 (3,0)=<%(0)“+c1, sin(0)+C2>=<q, G,)

Sl

—_~
[\S]
~—
W
|
W
—_
\]
~—
Q
=}
2]
—_
\]
~—
[y
Il
/l\
—_—
N
|
=
N
—_—
(@)}
—_—
~

—

v(2)

NOTE : Polar is similar to vector | parametric, the parameter

(d) speed = = J(-12)" +(-0.9093)" =12.0344

is just Oinstead of t, with x =rcos 6, y =rsiné.

(2)3 —4(2)2 +3=-5 (include units if given in problem)



Related Rates Problems...

A 5-foot long ladder is leaning against a building.
If the foot of the ladder is sliding away from the
building at a rate of 2 ft/sec, how fast is the top
of the ladder moving and in what direction when
the foot of the ladder is 4 feet from the building?

Optimization Problems...

A cylindrical can (with circular base) is made with

a material for the lateral side which costs $3/cm2,
and a material for the top and bottom circular sides

which costs $5/cm?. If the can must enclose a volume

of 2077 cn?’ what should the radius and height be to
minimize the material cost?

Draw a picture and assign variables to things which vary

then find equations which relate the variables :

x2 + y2 — 52 y 5
Anything changing is a derivative with respect to time

. .. . X:
(+ if value is mcreasmg) &_

dt

dx
—=42
dt

At this snapshot in time, variables have 'snaphot' values
(4)+)y* =5, y=3
Differentiate implicitly WRT time, plug in values, and solve

x'+y* =25
d d d
S e )= 2]
2x@+2yﬂ =0

dt dt

2(4)(2)+2(4) L =0

dy 16
—=——=-2 fi/sec
dt 8 %

negative b/ c top of ladder is

moving so y is decreasing (downward )

Need functions for the objective function

(what is being optimized ) and any constraints.

Objective Function Constraint
$3 $5

COSZ" C = (A/aterul ) (%j + (‘Alop/bottom ) (%j V= 20” Cm3

C=(27zrh)(3)+(2)(7zr2)(5) 7r*h =207

C =6xrh+10zr" cost interms of r and h

Now solve constraint for one variables, substitute into objective function :

20720

2 2
r r

h

2

C=6rnr (ﬁj +107zr* =120 +10727°
r

Now find min by taking derivative and finding where C '(r) =0
C'(r)=-1207r" +207r =0

12 12 1
202 =207 5 10 6= (6) =1.817126m
r 20
Use constraint equation to find other dimension :
=§=L=6.057 cm

2

r(1.81712)
Should use 2nd — derivative to verify this is a min not a max :

C"(r)=2407r"" +207 is+ for +r, so concave up, so this is a min.



Applications of integrals...

Use Fundamental Theorem of Calculus PT1 to

evaluate the definite integral:
2

jx2dx:

1

Using the Fundamental Theorem of Calculus PT2
(net change theorem): The rate of change of the
altitude of a hot-air balloon is given by

r(t)=r -4’ +6 (0<¢<8). Find the change in
altitude of the balloon during the time when the
altitude is decreasing.

Using the Fundamental Theorem of Calculus PT2
to find a y-value from another given derivative:

If f'(x)=x"=5x, and f(1)=2 find 1 (4).

Integral as inverse operation of derivative:

fiv-a

5
X

-]

Average value of a function:
If £(x)=x"—5x find the average value of

f(x) over [2,6]

Use Fundamental Theorem of Calculus PT1 to
evaluate the definite integral:

foacfie [y Hior -

First graph r(t) in calculator and find
that this rate is negative for1.572 <t <3.514

Then, since r(t) is the derivative of altitude :

3.514 3.514
[ a(t)ydi= [ (£ —4r+6)di=a(3514)-a(1572)
1.572 1.572

is the change in altitude = —4.431 (Math 9)

[£/(x)de=£(5)-1(a)

f[axz_ngdx: £(@)-1()

1

(4 =5(4))~((1)' =51 ) = £ (4) -2
~12=f(4)-2, f(4)=-10

Integral as inverse operation of derivative:

b(x)
:!- f(?) dt}=f(b(x)) «b'(x) [chain rule]

ol

3

!—.xN

ol

=0 dtjz((3x2)3_4(3xz)).(6x)

)

I~

—_— N

£(1) dt} =f(b(x)) «b'(x) —f(a(x)) «d'(x)

a,

—~

)

3x

s s

xS

Average value of a function:
1 b
Ejf()() dx

6 6
R (x2—5x)dx—l[lx3—§x2} _8
6-27 437 27 |3

average value of f (x) =

NOTE : This is different than ' average rate of change of f (x)'

/(6)-/(2)
6-2

which would instead be :

[ (7-4) dtJ ~((3)' =4(32) )+ (6)~( (") ~4("))+ (5



Riemann Sums (approximation of definite integral):

Use a left-endpoint Riemann Sum with two subintervals
24

of equal length to approximate Ixz dx
2
Does this estimate under- or over-estimate the value?

Use a right-endpoint Riemann Sum with two subintervals
24

of equal length to approximate Ixz dx
2
Does this estimate under- or over-estimate the value?

Use the trapezoidal rule with two subintervals
24

of equal length to approximate J-)c2 dx
2

Area between curves (rectangular):
Find the area enclosed by f(x)=x*and g(x)= Jx .

Area between curves (polar):
Find the area inside » =3sin# and
outside r=1+siné.

underestimate
interval
[2,2.2]
[2.2,2.4]
interval X; f(x,-) * Ax = area overestimate
[2,2.2] 2)"+0.2=0.968

2.2
[22,24] 2.4

Ayipezoia = %(f (xle?ﬁ ) +f (x”'g"f )) - Ax

interval A4, ..

[2,2.2] %((2)2 +(22)°)+02 =0.8%
[2.2,2.4] %((2.2)2 +(24)")+02=1.06
1.944
A_iH dx—ihdx
= jJ} dy— [ d

intersections : .
r=1+sin@

3sin@=1+sinéd P’;3sin9
2sin@ =1
siné’zz
g:f,gzs_”
6 6
A:ljR2 de—ljrz dé
24 )
15% 2 15% 2
=2 [ (3sin0) do— [ (1+sin0)’ a6
7% 7%
Sz

:% [ [(3sin0) ~(1+sin0)’ |a0=3.142



Volumes:
Find the volume formed by rotating the area enclosed

by f(x)=x"and g(x)= Jx around y-axis (disc method).

Find the volume formed by rotating the area enclosed

by f(x)=x"and g(x)= Jx around y-axis (shell method).

Find the volume formed by rotating the area enclosed
by f(x)=xand g(x):x/; around the line , = 1.

disc method (' perpendiscular ')

(rectangle L rotation axis)

sz’-irR2 alh—j‘zz'r2 dh

7R’ dy —jlizrz dy
1

w(\o) =[x}
0

=ﬁj(y—y4)dy:0.942
0

O ey — D —

shell method (' parashell ')

(reclangle || rotation axis)

V= j:27rerr - j][ 27rhdr

b
27zrHdx — j 27rhdx

O ey~ Q C—

272')6(\/;) dx—j‘ch(xz) dx

- 27zj( X —x3) dx = 0.942

0

disc method (' perpendiscular ')

(reclangle L rotation axis)

szﬂR2 dh—iﬂrz dh

dx 1

=f




The region R enclosed by £ (x)=x* and g (x)=+/x forms

the base of a solid. For this solid, each cross section
Perpendicular to the x-axis is a rectangle whose
Height is 4 times the length of its base in region R.
Find the volume of this solid.

Arclength (rectangular):

3
It () =%+2i find the length of this
X

curve for %Sxél.

Arclength (parametric):

Find the arclength of the curve x=6¢*, y=2¢
over the interval 1< <4.

Arclength (polar):
Find the arclength of one petal of » = 2sin(36) .

arclength = j,-1[1 + [f'(x)}zdx

f(x) =%x3 +%x’l, f'(x) =%x2 —%x’z

‘ 1 1 LT
:j 1+ =x*—=x7 | dx=0.646
27 2

P

b 2 2
arclengthzj (%} +[%j dt

x=61", ﬁzlzt, y=2r, Q=6t2
d d

t t
4
arclength = [[(120)’ +(6¢°) dr =156.525
1

N

1 dr Y
arclength = j o+ [%j do

one petal whenr=0:
2sin(36) =0 substitute: ¢ =30
2sing=0, sing=0, ¢=0,7

back substitute 30=0 30=rx
=0, 0==
3

r=2sin(36), % =6c0s(30)

% 2 2
arclength = [ \[(2sin(36))’ +(6c0s(30)) do =445
0



Surface area of surface of revolution:

Find the area of the surface obtained by rotating
The curve y=x’, 0<x<2 about the x-axis.

Displacement vs. total distance:

The velocity of a particle is given by
7(:):(3:2—&, 3*-12). Find:

(a) The displacement of the particle
fromt=1 to t=4.

(b) The total distance traveled by the particle
from?=1 to t=4.

Surface area of surface of revolution:

arclength = I, il +[f'(x)]2dx

concept is . if you rotate each' piece' of arc

around the axis, this piece forms a'strip'

with surface area = 27r(d 'arclength ') , SO

surface area = 'b[27rr,[1+[f’(x)]2dx and r = f(x)

f(x)=x3, f'(x)=3x"

2

surface area = .[27zx3 1+ [3)62 ]2 dx =203.044
0

Displacement vs. total distance:

-

(a)total displacement = r (4) -r (1)
j' j t)dt=r(4)-r(1)
.!. - -

(3> —8t, 3¢ ~12)dt = r (4)- r (1)

4 - -
<j3z2—8zdz [3 —12dt>—r( )-r(1)
1

- -
<[t3 4], [P -12] > r(4)-r(1)
(3, 27)= 7(1)

bl
(b) total distance traveled =I v t) dt

a

MOE \/(312 &) +(3r ~12)

total distance traveled

_j\/ 3¢ -8) +(3r -12) di

41.655

(note: can t,oro
this position cuii
without an

initial r(t) given)

20

total distance
traveled =
distance along
the curve

20




Differential Equations...
Slope fields:

Sketch a slope field for @zlxy
dx 2

Which of the following could be a specific solution to the

Differential equation with the given slope field:

(A) y=e* ::::;j ; ':' ; :
®) y=sinz |2TOLLAI 00
(C) _»Zx-"x :::::j;i:;
® y=imx 3ZZ27700 0001
- L 05x ,.-I//// VA I B

Solving separable differential equations:

dy

Find the particular solution for & =3x"y, y(2) =1.

Euler’s method:
/(x) is the solution to the differential equation

%zxzy, y(l) =2. Use Euler’s method with a

step size of 0.1 to approximate f(1.3).

(h can be negative)

Slope fields:

/77
\\N
=0 | \ N\~

- Ny, Sy

plug various (x,y) into

|

\

\

@ to get slopes at pts /
& /
|

-~ N\ | 7o
L Y
77/

solution curves follow the direction in slope field
(E) [this is an exponential curve shape]

A

A A T T W

AORA'Y 'S Y T U W O W

i T T

\

N
NNN NN
_— e e e e =
—— T ——— e

e T T

Solving separable differential equations:

Separate the variables : lciy =3xdx
y

integrate both sides : I% dy= I3x2dx

( general , implicit Solution) :In | y| =x+C
plug in initial condition : In(1)= (2)3 +C
solve for C: 0=8+C, C=-8

write the particular, implicit solution :

In | y| =x -8

if needed, solve for y (explicit Solution) :

&l = ) , y= 7Y ter

Euler’s method:

d
(%)) Yoa=x.+ h[ayj

(12)  y=2+(00)((1)(2))=22

(1.1,2.2) y=22+(0.1)((1.1) (22)) = 24662

(1.2,2:4662) y=2.4662+(0.1)((1.2)" (24662)) =2.8213
(1.3,2.8213)  f(1.3)~2.8213



Differential Equation Models: Differential Equation Models:

Write the differential equation and solution equations: Write the differential equation and solution equations:
Unrestricted population growth: Unrestricted population growth:
dP
DE: s kP solution: P=PBe"
t
Continuously compounded interest is same form :
dA
—=kA A=Pe"
dt
Radioactive Decay: Radioactive Decay:
d
DE': 7Q =kQ solution: Q= Q,e"
t

(halﬂife =time for quantity to reduce by half )

Logistic Model Growth: Logistic Model Growth:
growth limited by environment

maximum population = carrying capacity, L

dP P L
DE: —=kP|1-— solution: P= —
dt L 1+ Ce
1
( population grows fastest when P = EL)
Unrestricted population growth example: d
A rabbit population with an initial size of 500 grows at _P:kp, solution: P= E)ek’
A rate proportional to its size. If there are1200 rabbits dt
At t = 10 days, when was the rabbit population 900? P=500¢", use P(10)=1200:
1200 = 500609, o 1200 10 _ 1 [ 1200
500 500

k =0.087547, s0 P = 500" %7547
Now, solve for t when P=900:
900

B

500

0.087547t _0.087547
900 = 500e e f=

0.087547¢t =1In 200 , t=6.714 days
500



Logistic growth example:
The number of moose in a national park is modeled
by the function M(t) that satisfies the logistical

differential equation d—M :EM—iM2 and M(O) =50.
dt 5 1000

(a) What is 1im (1) ?

>0

(b) What is the population of moose when the number
of moose is growing most rapidly?
(c) At what time does max rate of growth occur?

dP P
a)logistic DE form:— =kP|1——
(a)log Jorm:=or ( Lj

dM 3 1
actoring to get thel:—==-M|1———M
s gl 8 dt 5 ( 200 j

a5

a =§M[l
200

—ﬂj so carrying capacity =200

200 From curve shape,

limM (t) = carrying capacity
t—>0

=200

150

100

-10 0 10 20 30

(b) Fastest growth for logistic occurs when population
is half the carrying capacity :

When there are 100 moose.

(¢) DE form :dd—A;I =§M(1—£j - kp(l_fj

5 200 L
solution form: M = I é — = 200 3
ree 1+Ce ¥
using initial condition : M (0) =50:
50= 2003 = 1200C’ 1+C=%, Cc=3
(0
1+Ce O 1
final solution equation: M = 2003
143 5
Now, solve for time when M =100
3, 3
100=L03, 1+3e 3 =%, 3e’ =1,
1+3¢ 5



Taylor Polynomials and Infinite Series...

Series convergence tests: Series convergence tests:
For each, state procedure (and conditions for use)
result for convergence, result for divergence...

nth-term test nth term test
lima, # 0 [diverges|

n—o

(cannot be used to show convergence)

Geometric series Geometric series
o0
. n
form: Zar
n=0

|r| <1 [converges]

|r| >1 [diverges]

p-series p-series
1

form: Z—p

n=1 n

p>1 [converges]

0<p<l [diverges]

Alternating series test Alternating series test

Sform: i“(—l)’H a,

n=1

1)lima, =0 and

Nn—>0

2 ) an+1

<a, [converges]

if either not met, inconclusive

Alternating Series are absolutely convergent if...

0

2

n=|

n-1
(—1) a, ‘ converges

(by theorem, i:(—l)n_1 a, also convergesj

n=1

Alternating Series are conditionally convergent if...

0
n=1

(-1 an‘ diverges but i:(—l)ﬂ_1 a, converges
n=l1



Integral test

Root test

Ratio test

Direct Comparison

Limit Comparison

Integral test

form: ian a=f (n) f (n) terms positive and decreasing

n=l1
evaluate I f (x) dx
1

if integral converges, series converges

if integral diverges, series diverges

Root test
i 2 |an| <1 [converges]

1
Zw:(/a >1or o [diverges]

n=1

Ratio test

: an+l
lim <1 [converges]
n—ol g

n

: an+l H
lim >1orow [dzverges]
n—0 an

Direct Comparison

o0 o0
if 0<a,, <a,, and Zanew converges, then Za

n=1 n=1

converges

orig

00 0
<a,,, and Zaw diverges, then Za

n=1 n=1

fO0<a,, orig diverges

Limit Comparison

a i . ..
If lim—%>0(a finite, positive number)
n—>0 anew

then series are'linked' so...

0 0
If Zaw converges, then Zamg converges

n=1 n=1

If Zam diverges, then Zang diverges
n=1

n=l1



Taylor Polynomials/Power Series...

Taylor Polynomial form:

Maclaurin means centered at...

Max Error (Lagrange Error)...

Memorized Power Series:

X

e =

sinx =

Find the radius of convergence of

0

S n+l (x-3)'

“op+l 2

The Maclaurin series for L is Zx .

1-x pry

Find a power series expansion for

2
X

1-x

Taylor Polynomial form:

"(¢ > ™ (¢ .
P.(x)= £ (e)+ £ (e)(x—c)+ LD (xm ey LD (g

Maclaurin means centered at x = 0.

Max Error (Lagrange Error)...
f(n) (Z) n+l
(n+1)! (x=¢)

max error =

where f () (z) is max value of derivative

Memorized Power Series:

; 2 3 x4 X5
e =l+x+—+—+—+—+..
21 31 41 5!

Find the radius of convergence of

an+1

ratio test . lim

| n+2 (x—

3" el 2|

=lim

n-o| g n—>m‘2n+3 2n+1
n

n+l (x_s)”‘

2 (3 ) on ‘
o243 220 n+l L}fgyﬂ
=1imw|x—3|=lim2nz+ """ 3]

>0 2(2n+3)(n+1) e A’
%|x—3| <1, =2, radius of convergence =2

You can do algebraic operations with power series :

let u=x

=x2+xt+x0+x +

o0
2x2n _ZXZ 2n _Zx2n+2
n=0



The function f is defined by the power series

f(x)=iM—l—x—2+x—4—x—6+...

S (2n+1)0 31517

Show that 1—% approximates f(l)with an

1
error less than —

The Maclaurin series for the function f is given by

o0

f(x) =Z(—§]n . What is the value of f(3)?

n=0

Other things to know...

Notation forms for first derivatives:

o & d
v f(x), Ey’ = D)

Notation forms for higher-order derivatives:

" " d2
Vo f (x)9 E{
m " d3
Yo f (.X'), g{

d(4)y

y(4), f(4) ( x)’ W
., ., d(")y
y( )’ f( )( x), T

Geometry Formulas:

Circles: area, A= circumference, C =
Triangles: A= (b 1 h)
Right — circular cylinders...

Surface Area = top / bottom + lateral
Surface Area =

Volume, V =

max error < | first neglected term

4
max error <

U)

max error < 5 =0.0083

0.0083 <L
100

f(3) = Z(—%) is a Geometric series withr = —%

n=0

. a
which converges to a sum of — =————<=

SEE)

L4
7
Sof(3):;.

Notation forms for first derivatives:

o & d
v, f(x), Ey’ = D)

Notation forms for higher-order derivatives:

" " d2
Vo f (x)a E{
" " d3
Y f (.X'), E{

d(4)y

y(4), f(4) ( x), W
., ., d(")y
y( )’ f( )( x), T

Geometry Formulas:

Circles: area, A=nr’ circumference, C =2xr
. 1
Triangles : A= Ebh (bLh)

Right — circular cylinders...
Surface Area = top / bottom + lateral
Surface Area = 2(7272 ) +27rh

Volume,V = nr*h



