AP Calc BC — Lesson Notes — Unit 5: Integral-Applications

Unit 5-1: Area between curves

Integrals are 'summing machines’

One of our definitions using the integral symbol nicely illustrates the idea that, in
general, what an integral does is 'sum up' or ‘accumulate’ things.

When we first looked at area under a function curve, we did so by adding up
subinterval rectangle areas with a Riemann Sum:
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Then we got the definite integral by using an infinite number of infinitely narrow
rectangles: ' ‘
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It turns out that integrals can be used to sum up an infinite number of a variety of
different things, not just rectangles to produce an area. The only requirement is

~ that one element of the ‘thing’ being summed must be an infinitely small guantity
which can be represented by a differential. '
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Area between two curves
For example, we could find the area between two function curves:

ared = jh&igftt o width
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- ‘ positive negative
Some things o note: cuve  clirve
 » We want to find 8 positive area, so the helght must be positive, which means
we need to be careful fo take the 'top (most positive) curve and subbract the
‘hottom’ (most negative) curve o form the height.

» We need to imagine that we are 'sliding’ the summing rectangle
across different x-values o fill the area. This means that each
rectangle is at its own unique x-value position, 50,

» Limits of integration are x-values: the lowest and

highest x-value we need fo ‘cover’ the region.

» The function curves must be expressed as functions

of the x-varnable.

We call this ‘integrating with respect.io X'
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Select integrating with respect to x or y depending upon which has fewer reglons
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Remember: Everything in the integral is either all x or all y {the variables and the limits of integration)
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Use a graph to determine which function is more positive (may be different in different
regions)
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Unit 5-2: Volumes of Solids of Revolution (Disc/Washer)

Integrals are 'summing machines’

We can use an integral to find the
area under a function curve
{between the curve and the x-axis):

The area is a summation of an
infinite number of small rectangles:

A=Y (areaof rectangle)
A=Y height » width
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A= f(x)dx
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Instead of area elements, we can sum volume elements
Have you ever seen one of those tissue paper accordion-siyle decorations? They start

out as a two-dimensional cardboard shape, but as you open them, you get a three-
dimensional shape:

Ak of rotation
e

S

Volumes of Solids of Revolution - Disc Method
When we rotate a 2-D area around an axis, it forms a 3-D solid of revolution’

We can then calculate the area by summing a series of infinitely thin 'discs’ (cylinders):




Volumes of Solids of Revolution « Disc Method

Of course, the volume becomes cloger to the actual volume when more cylinders are
used...

(o U 8 dishe, Voo 400726 €53 Uil 10, o 42057 oy Using 20:8isks, Vo 4,1940:

...50 We will sum an infinite number of infinitety thin cylinders using an integral.

Vvolumes of Solids of Revolution - Disc Method

From geometry, the volume of a right circular cylinder is chﬁn i = nrih
30 the volume in our small {infinitely thin) cylinder is.

height, Ak

12 = g’ Ah

hin gplinder

radius, r

We can therefore use an integral to find the summation of a series of
these cylinder volumes to find the volume of the solid of revolution:
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Volumes of Solids of Revolution - Disc Method

For this solid of revolution, the radius, r, is also 'y which is f(x},
and the small height, Ak, is a small change in "X, which we would write
as '}

| A= dy e -~ V=" (volume of cylinder)
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Instead of the function y=f(x), we could have a function x=f(y) and the
solid could be revolving around the y-axis. In that case, the radius
would be an X value, and the Arwould be a change iny, dy.

v =y (volume of cylinder)
V=Y mr*« height

V=l mr*Ah
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Volumes of Solids of Revolution - Dige Nethod

This suggests a procedure we could use to find the volume of a solid
of revolution:

1} Draw a sketch (and show 3-D rotation into a solid).

2) Select method ('disc').

3) Draw the rectangle (disc: rectangle is Ak L to axis of rotation).
4} Determine if this Ak Is ox or dy.

5} Rotate the rectangle to make the cylinder shape and use geometry to
write rinterms of x or .

6) Build an integral for the volume by summing cylinder areas:
s
discmethod: ¥ = [#r’dh

7) Substitute to get everything in terms of the integration variable (sef by dx or dy).
83 Evaluate the integral.



Volume Examples {Disc Method)

#1. Find the volume of the solid obiained by rotating the repion bounded

by the given curves about the specified line. )
y=x*. yeaxis, y=4,inthe first quadrant; 2 J=x z
about the y — axis : | — K""g
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Volumes of Solids of Revolution - Washer Method

ywxz , y-axis, y=4 ,inthe first quadrant;
about the x-axis

We need the Washer Method when only part of the rectangle is filled with material.
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V=V e cylinder ™ Viore

V= T”ﬂmzdr W?Eymﬁez‘&

We find the volume of
the solid 'washer'

by finding the volume
of the entire disc,
and then subtracting
the volurne in the hole.

These volumes have
the same "width’ but
different "heighis’.

A better and more flexible way to think of this is to build a single integral for the volume but for the
height use the height of just the portion of the rectangle which is filled with material, defining two

radii: R for the larger "outer’ radius, and rfor the smaller inner’ radius:

V= ji[:ir,deh - mfzdh]




Volumes of Solids of Revolution « Disc/Washer Methods
Here is an updated procedure covering both cases:

1) Draw a sketch (and show 3-D rofation into a solid).

2) Draw the rectangle (disc: rectangle is Ak L to axis of rotation).

3) Select method: disc if rectangle is completely filled, washer if partially filled.
4) Determine if this Ah is dx or dy. '

5) Rotate the rectangle to make the cylinder shape and use geometry to
write rin terms of x or .

6} Build an integral for the volume by summing cylinder areas:

disc method: 7 = fm* washer method: V ""'?ﬂ”[Rz r‘"] dh

7) Substitute to get averythmg in terms of the infegration vanabla {set by dx or dy).
8) Evaluate the integral.
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Volumes Examples
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#E, Set up, but do net evaluate, an integral for the volume of the solid
obtained by rotating the region bounded by the given curves about

the specified line.
y=0, y=sinx, 0<x<x;, abouty=~2
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#6. ymxz » y-axis, y =4 ,in thefirst quadrant;
abouty=-3
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Unit 5-3: Volumes of Solids of Revolution (Shell)

Some problems are difficult to solve in the Disc/Washer method:

Find volume of solid obtained by rotating about the y-axis

r 1L ace bott ' doctences
y=2x"~x ‘éwf'“ we. cast- solye

Y= 2x3 e &N

‘Disc/Washer Method' ‘Shell Method’

rectangle 1. axis of rotation rectangle || axis of rotation

Volumes - Shell Method

Rotating a rectangle parallel to axis of rotation around creates a 'shell’ and these shells can be nested
to fill a rotational solid:
7




What is the volume of the shell element? A thin-walled cylindrical shel! ‘folds out'
to becomg a rectangular box: : :

V.

she

‘ 2 =27rhdy
dr

Volumes - Shell Method Example

#1. Find volume of solid obtained by rotating about the y-axis

V= f’Zﬁ“rhdf
V= (er(i(am=dae | = 00573

Shell is better when there is 'no hole' or when you can’t solve for an expression

Rectangle doesn't go all the way to axis Rectangle goes all the way to axis
there is a 'hole’' so we need two radii no 'hole’ so only one height

‘Disc/Washer Method' ‘Shell Method'
rectangle 1. axis of rotation rectangle || axis of rotation
_ 2 2 l
V'"J.”[R -—r:]dh Vz_[thrhdr

...although you can need two heights for shell in some circumstances...

1,
==X
Y 2
y=2x"~x"

'Shell Method with two curves'
Vz_[272‘r(H——h)dr




Summary of Methods for Volume of Solids of Rotation

'Disc/Washer Method’ | ‘Shell Method’

rectangle | axis of rotation rectangle || axis of rotation
"perpendiscular” "parashell”
rectangle filled: }/ = I zridh rectangle filled: J = j 2vhdr
rectangle not filled: } = !7;[}22 — rz] dh rectangle not filled: 7 — Izyz«r(H — h) dr

Volumes of Solids of Revolution - Disc/Washer/Shell Methods

1) Draw a sketch (and show 3-D rotation into a solid).

2) Select method: disc/washer or shell based upon writing expressions or
which has only 1 radii or height.

3) Draw the rectangle (disc: rectangle L , shell: rectangle || to axis of rotation).

4) Determine if the rectangle width is dx or dy (this establishes variable of integration).

5) Rotate the rectangle to make the cylinder shape and use geometry to write
radii and heights in terms of x or y.

6) Build an integral for the volume by summing cylinder areas...
disc/washer method: shell method:

rectangle filled: /" = J.ﬂ'}"zdh : rectangle filled: }J/ = !Zxrhdr
rectangle not filled: }/ = I 7{[ R? —~ rz:{ ah rectangle not filled: }/ — I 27[}#( H— h) dr

7) Substitute to get everything in terms of the integration variable (set by dx or dy).
8) Evaluate the integral. |
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Volumes Example

#2. Use the method of cylindrical shells to find the volume generated by

rotating the region bounded by the given curves about the y-axis. 2y Cxt g)==

Sketch the region and a typical shell. -2 (#w’lf) (e}
y=x'—6x+10, y=-x’+6x—-6 _ K.E%‘Zq =Y . (2p) (42)

y=2 J=z
V= szrHAr‘f 52‘,,\( hdr 3
/
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V= J Yarl (x\) [—xszéy{)c - 5?1( ( X)(/x —bx+13) dx
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#3. Use the method of cylindrical shells to find the volume generated
by rotating the region bounded by the given curves about the x-
axis. Sketch the region and a typical shell. 4 h @?

xmﬁ, x=0, y=1
9= ¥
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#4. Use the method of cylindrical shells to find the volume generated by
rotating the region bounded by the given curves about the specified
axis. Sketch the region and a typical shell.

y=x*, y=0, x=1, x=2, aboutx=4

V= 5%??% dr

2
V = )(Zﬂ“(‘i-x)( x| - 3508
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#5. Set up, but do not evaluate, an integral....

xmﬂ/sin , O<y<sz, x=0, abouty=4
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#6. Use a graph to estimate the x-coordinates of the points of
intersection of the given curves. Then use this information to
estimate the volume of the solid obtained by rotating about the y-
axis the region enclosed by these curves.

y=x*, y=3x-x

| et 4y o
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Unit 5-4: Volumes of Solids - using Cross Sections

Volumes with fixed Cross-Sectional Shapes

We can also use integrals to find volumes of solids whose shape is not rotatidnally
symmetrical about an axis, but where the 'cross-sections' are constant shapes.

Here, we will still use infinitely thin cross-section 'slices' and the volume will be the‘
infinitely thin differential width times a cross-sectional area:
b

V=4

cross —section

aw
a
1) Sketch the 3-D solid.

2) Summing along what variable? (perpendicular to cross-sections)

3) Determine a formula for the cross-sectional area (usually a function
of the summing variable)

© 4) Sum these cross-sectional areas with an integral to find the volume.

#1. Base bounded by y = x"*, x=09, x-axis. Sections
~ perpendicular to the x-axis are semicircles. Find the volume.

1) Sketch the 3-D solid:

2) Summing along what variable? (perpendicular to cross-sections)

here, cross-sections are in y-z, so summing along x: dx
3) Determine a formula for the cross-sectional area (usually a function of the summing

variable) : )
N s l(i}

n
. = X
\/;:. eross-section — ry ) 2 8

4) Sum these cross-sectional areas with an integrat to find the volume.

_ t 81
V= j Ao et = j == r



#2. Find the volume of the solid formed by cross-sections which are perpendicular to
the S axis and form squares. The base of the shape is in the x-y plane, defined by
ymx y=0, and x=2. z

_ / Amu = é’?‘” (kﬁ@)m
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#3. Find the volume of the solid formed by cross-sections which are perpendicular to the x-axis
and form equilaterial triangles where the base is one of the congruent sides. The base of

—~, the shape is in the x-y plane, defined by a rectangle which is 2 x 4. X 1, 3
_ Acms]ﬁ' fal ’&L 1’ 2 i
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#4.

Let f and g be the functions given by f(x) = 2x(1- x) and g(x) = 3(x — 1)Vx for 0 < x < L. The graphs of
f and g are shown in the figure above.

(a) Find the area of the shaded region enclosed by the graphs of f and g.

(b) Find the volume of the solid generated when the shaded region enclosed by the graphs of f and g is
revolved about the horizontal line y = 2.

(c) Let h be the function given by h(x) = kx(1 - x) for 0 £ x £ 1. Foreach k > 0, the region (not shown)
enclosed by the graphs of 2 and g is the base of a solid with square cross sections perpendicular to the
x-axis, There is a value of k for which the volume of this solid is equal to 15, Write, but do not solve, an
equation involving an integral expression that could be used to find the value of %.

o ffl fCetr-gonux = 1137 |
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Unit 5-5: Arc Length, Surface Areas of Revolution
Arc Length

We've been using integrals-to add up elements of area and volume, but we can also use an integral to
sum small linear segments to find the arc length along a function curve path: :

e N y
We can first imagine approximating the arc length as a A
series of small line segments, between points along the %P1 P f (JC)
function curve from some starting x-value=a at point P4 and .\.P Py ."M’
- ending a x-value=b at point F,. , .
The arc length, L, would then be the summation of the individual >
line segment lengths. To find each segment length, we use the a b

distance formula. Then, to make this approximation very close to
the actual curve, we take the limif fo use an infinite number of
infinitely small line segments:

L= 1%;!341):'
=tim (5 =%} -y
=]

=tim 3 (ax)" + (4’

L= 1> J(Ax) +(&y)
daatr

By the mean value theorem: f”(x) =%:—;~, “Ay=f1{(x)Ax so...

iy
T
Ry
A
3
\
o~
w
"

n

L=limY(ax)" +[ /' (x) ax]

= tim 31+ ()] (&)

—1im Y J1+[ 7/ (x)] Ax
lim > 1+ f(x).

b
L= J.1 /1+[f’(x)]2 dx | Arc Length Formula

Finally, using an integral for the limit
of the summation...




#1. Graph the curve and visually estimate its length. Then find
its exact length. -
g £ 3 x3+3 K
S | 1

ym;m.q.m, me51 "\"tf'(?)"-é,,xa‘“"%;é@wz .

6 2x 2

>
Lz 1+ [t )7 4%

L= f [ 14(4y- %x*z‘-EWMX =0 8958
l/z

#2. Find the length of the curve. .
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#3. Let R be the region enclosed by the graphs of y = ln(x2 +1) and y =cos(x).

What is the length of the boundary of region R?
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Surface Area of a Surface of Revolution

If you take an arc length and rotate it about an axis it forms a gsurface of revolution:

1 f(x)
W

We can imagine taking a small linear element on the arc length, and rotating this around the
axis to form a strip in the form of a ring:

are length element: , /1 +[ f'(x)]jl dx

v (circumference of circle is a length) x (width)
\ _
surface area element (ring): 277, /1 -i—[ f '(x)] dx

Summing these elements with an integral along the path:

- ,
/ ' 2 Surface Area of Surface of
As"’f““ - .[ 2mry1+ [f (x)] dx Revolution Formula




#4. Find the area of the surface obtained by rotating the curve

about the X-axis.
=x, 0<x<2 £ Y
e +160 3% |
A el 52‘1’?(‘{ a‘%f_@e{/@a& Ax ,]\
N RE 2 : - ” ’
A= S 2 b)) 1 +[3x¥]" A = 2o 0

Can use either dx or dy depending upon direction

If function is expressed using x: If function is expressed using y:
.y .
y \ *=f ()
Arc Length b
a
a : X
b > : s '
1 , 2
L=[1+[f' ()] & L=[\1+[ 7 ()] &
a @
If axis of rotation is horizontal: If axis of rotation is vertical:
y b ¢ e,
Surface Area of . (x) x=£(»)
Revolution ) '6[
: L a )

Aurfce » f 2rr 1+ [f ' (x)}z Ay A = z 2nr l+[f '(J")]z dy
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#5. The given curve is rotated about the y-axis. find the area of the resulting
surface.

=\/2y—y2, 0<y<l

x/= %(zy‘ziil/%l”zﬁ>

b
]4; 5 2o g )] Ax

( - w/f -
A= { zm( zjﬂjz)) L4 [ bhy-®) G-z Ay
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#6. A manufacturer of corrugatcd metal roofing wants to produce panels that are 28 in. wide and -
2 in. thick by proccssmg flat sheets of metal as shown in the figure. The profile of the roofing’
takes the shape of a sine wave. Verify that the sine curve has the equation ¥ = 3111(7r xf 7)

and find the width w of a flat metal sheet that is needed to make a 28-inch panel.

W=%5m (%x)
y'= Fer(Ex
M‘“’”‘”’“’”‘”‘zg
W= L= fﬁ%[%w[;@?z Ax
AR
= 24,3¢ 1




Unit 5-6: Average Value of a Function vs Average Rate of Change

Average Value of a Function vs. Average Rate of Change

if you want te find an average of a set of numbers, you add up set of numbers: 2,4,6,8,10
the numbers and divide by the number of numbers: 24 4+6+8+10
: average value = T = 6

This average value represents a 'typical’ value for this set of numbers.

If you have a function that is defined over an interval, we can defind the average value of the function as a 'typical’ y-value over this
interval, To compute it, we use an integral to 'sum up the function vaiues' and then to 'divide by the number of numbers’ we divide by
the width of the interval:

If f isintegrable on the closed interval [a,b], then the
average value of f on the interval is

1] &
average value = E;‘: f(x)ax

average value

This average value represents a 'typical’ y-value (More precisely, it is the y-value which has the

for the function over this interval. property that the rectangular area between it and
the x-axis is the same as the actual function’s
area under the function curve over the interval.)



Average Value of a Function vs. Average Rate of Change

#1. The number of people who've enrolled in an adult education class over the 40 day enroliment period is given by

LI
f(t)—4ot +51

where fis in days and fis the number of people.

Find the average number of people enrolled over the enroliment period 0 <7 <40

AvLmGL NuMber a-?—(?eo/

Important! The Averaqe Value of a Function is different from the Average Rate of Change of a Function:

#2. The number of people who've enrolled in an aduit education class over the 40 day enrollment period is given by

ft)= -—-z A+ t

where fis in days and fis the number of people.

Find the average rate of change in the number of people enrolied over the enrollment period 0<¢ <40

Qielnye fofe. o ()NM:;-&
I autper of peafle

‘average' or ‘average value'

j&o\—'*@f") - ¢e =0
Yo ~ 0O “ daﬁ

‘average rate of change’

average value =

Jr@a

S (ti) = S (et

tend - tsiaﬂ

average rate of change =




#3. Find the average value of f (x) =x>=3x® over the interval [1,4]

0\\/9 va lne of- -ﬁ@ S ( X PBpd Yl = {?\?S

#4. Find the average rate of change of [ (x) = x> —3x% over the interval [1,4]

M\/emt?ev ro,s-ef&'é‘t" 57-4‘(\*3"’@“) A "““(""??;) o= {g‘:‘* é
C}‘ﬁw%b( ﬂf’f@ Vo) = 2

——

#5. An object's temperature in °C is changing over lime and given by the function

T(¢r)=25+ —11042 +cos(0.61) for 0<1<20
where Tis in °C and tis in hours.
a) What is the average temperature of the objedt over 0<7<20?

b) What is the average rate of change of the object's temperature over 0<¢ <207

e 5 o o
4) }4\)7 +Weer»p{wa ;":»;j:; g TW = 36/% gl
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