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AP Cale BC — Lesson Notes — Unit 2: Derivative-Evaluation
Unit 2-1: Limit Definition of Derivative

Concept of the Derivative . instantaneous rate of change

Precalculus is mainfy emmrﬁad with the value of a function at

a given x: Vo

/(x) gives us the

ﬂm caiwlm aliows us to know how fast the value of a function
s changing at x {the ”ins&tamanews maa of ahmga"}
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of the curve at x)...and is called the
derivative of f{(x) at x.

Concept of the Derivative - instantaneous rate of change

?r@mimiu& is malnly concerned with the yalue of a function at
a given x. '

Bm aaiaulm aliows us to know how fast the value of a function
. changing at x (the 'inatanmmma ram of c’hanga"}

il {;&:} gives us the glope of F the tangent line to it
curve at x {zm mﬁiantaﬁamm rate of change
of the curve at x)...and is calied the

derivative of f{x) at x.




Computing the derivative as the limit of a secant line slope £ )
’ X

if you already know ahead of time which x value at which you want to %
know the derivative, you can use a second, sometimes simpler, limit \‘
N structure to compute the numerical value of the derivative at that x.

We then take the (imit to aliow x to approach the value c:
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The result is a not a function of x, but a numerical value, the value of the derivative at that known x = c.

#1. Find £(x) for  f{x)=x"mx
ﬁ;’s’ta ugmg j' (X)ﬂ lhi?]t} ﬁm(ifj%:m{iﬁlg then ;a%ug it to find F (2) and f’{Z}

...Now start over, using f’{g} -~ iimaﬁfﬂf}ﬁm using o= 2
e :

When you are done, discuss and try the following:
» What does f{2)tell you about f (x)?
« \What does y(2}teil you about 7 (x)?
+ Sketch the function {use your calculator to get the ga’aph).

N -« Eind the equation of a tangent line to f (x)at x = 2 and add it to your skiazc;:; .
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Does the derivative of a function always exist?

The derivative of a funclion has a potentially unique value at every x vaiue In the function's domain, and & Is possible that for
some values of X, the dervative will not exist. The things that can cause a frction’s derivalive not fo exist ol an X value are.

+ I the function is discordinuous at the x (the fangent line must have a point lo attach to).
» ifthe function’s curve shape abruptly changes directly at the X instead of moving smoothly through the x value,
» if the tangent line Iz perfectly vertical (slope is infinite, therefore not a number and DNE}.
_#2: Find the x-values for which the derivative does not exist, ‘) ' ﬂlaef ast-exit™ at ..

x=—7 (Aiscorthusy)
¥=20 (d‘?fowmw}@)
x=2 ['corner)

vy (vertical ~tnopear)
yox (diseoainardty

Sketching a derivative curve from a function curve

It we are given the graph of a function, we can sketch an approximate function curve for the derivative function,
Remember that the value of the derivative equals the Instantaneous rate of change (the 'slope’) of the original
function curve at that x-value, -

#3. Given the graph of f(x), sketch the graph of /' (x)
e

16

#4. Given the graph of £(x), sketch the graph of [ x)




When given a limit expression, it is sometimes helpfut to be able to recognize that the limit is actually the limit
definition of the derlvative for a particular function at a given x.

Each of the limits below represents the limit definition of a derivative of a particular function at a given %,
Can you determing what the function is and the glver x?
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#7. Find f'(x) for f(x)= T then find f(1)and f’(l)
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Unit 2-2: Derivative "Shortcuts’

We can evaluate a derivative of a given function at a generic x to get a *shortcut’

The limit definition of the derivati\)e is the official way to determine a detivative equation for a
gliven function, but it can be very time-consuming to compute. To accelerate finding derivatives
0 that we can focus later on how derivatives are used, we employ 'derivative shortculs’ (hot

an officlal termy.

Derivations of selected derivative shortcuts

Derlve the derivative shortcut for f (x} =¢ wherecis any constant

proof - shorteut

Y . flx+h)—-fix
()t LR )

= lim
T30

h

= im0
k20

=0

Derive the derivative shottcut for f (x) = x" where nis any real number

proof shorteut
. X+ h o X . ...fi.. wolL =
jv(x)*mf( ; f( ) ‘ dx[x ]mnx”
[ ]
&0 h ' {binomiat theorem)
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Derivations of selected derivative shortouts
Derlve the derlvative shorteut for f(x) =&

proot shorte
g e

=lim [em‘]w[ex]

Bert h
== ik g -

e Y

-1
R

1 e
definition of e € =1im (1+k)+ means that for small h,e (1+ )
therefore,e" ~1+h  Substituting this...

i & (A1)

Bl h

= lim ek
i

=lime”*
pare
- ex
Derive the derivative shortcut for f'(x}=sin(x)

proof shortcut

f(= ) M -gx;[sin(kx)}mcos(x)

—lim [sm(x + h)} [sin(x)]

>0
trig identity : sin(u+v)=sin{u)cos (v)+cos(u)sin(v)
Substituting this...

g [sin,(x)oos(h)+oos(x)sin(h)]w[siu(x)]

}IO

tim sin (x)cos{ k)~ sin (x) +cos(x)sin(#)

sm(x)(cos (- 1)+cos (x)sin(h)

...)

- tim sin (x){c;:s (») w1) +iim cos (xism(h)

ko
The functions not containing hcan be moved outside the limits. ..

(cos(h)-1) (h) ml) cos () lim S2L2) sin (k)

=sin (x) i‘f’,i, PRT I
h)~1
Special trig limits }‘gn (cos( ) ) 0, 1. m ﬂméh ) =1

= sin (x)[ 0]+ cos (x) [I}

=cos()
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Derivations of selected derivative properties / ‘rules’
What is the derivative of a constant times a function? -gc-«[{f (x)]

proof

property | rule

dr o g S xHR)= (%)
-y LD

4l (x)]=c 1]

lim [of (x+8)] ~[ef(x}] ’
fsty h

o lim el f(x+h)-f(x))
Feal i

i (217 2)

=¢'(x)

“constant multiple rule”

YWhal is the derivative of the sum of two different functions? gx"[ f ( x}+ g{x)]

proof

property / rule

Zr@+e@)]
i [F 1)+ g (][ 7 () re()]
Boal F:3

A1 )+ ae)) = 2L (9] L8 03)]

g LR 8GR S () ()

h
tim (x4h)=1 {x)d«g(x»& B)~g{x)

f )

wﬁmf(wa.k}mf{x)
k

i
v imEE 1) -8(x)
Feesl »

Had

de v d ,
==—{r@H}=le (=]

List of derivative shortcuts {so far) that you must memorize
—j}-[c] =0
?j;[ xﬂ] = nxnw}
drat_ s
'2;[(! }-‘-" 4
4 o
= [cr‘} ={lna)a
%[sm (x)] =gos(x)

d .
X[oos (x)]=-sin(x)

Examples

“power rule”

Find the derivatives of the given functions.

"sum ride”

List of derivative properties / rules {so far) that you must memotize

d dc,
il (x)]*C"g;[f ()]

“constant muitiple rule”
de{f (x)+g (x)] = —:;[f (x)} + —;—Ix-[g (x)] "sum rule”

%[‘f (x) -8 (x)] = gx“f_f (x)] - »g:—[g(x)} "difference rule"

{The sum and difference riles are what allow us to take derivatives of
each ferm separately In a function with muliiple terms..each terms is
baing treated as a separate function.}

#1. f(x)=x #9 f(x)uxi #3.g(£)m% =247
Teta=sx! - 7% | qly=2(=+)




Examples

Eind the derivatives of the given functions.

S o A , xt 3y _oxl _,_3_712"
#4. f(x)m?’x :4‘; wf:Z #5. g(x)“ 7% 2 2
L= 15X e .
1) = 3% -5 X

#6. For what values of @ and b is the line 2x+y = b
tangent to the parabola » = cx® when x =27

g and gyl Mwkboth makch(ar ¥=22).

#7. Find a cubic function y = a + b +ex '+ d whose graph
has horizontal tangents at the points {~2, 6} and (2, 6).

horizoale\ {"M; when y'=o°
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Unit 2-3: Derivative Product and Quotient Rules

Derivations of selected derivative properties (rules)
— What Is the derivative of the product of two functions? g..[ f ( x) g( x):l
X

proot property [ rule
Lr@e)]- A1 1(98(9])=/ (g G+ ()
| lim [f(x * k)g(ﬁ. I;)]—[f(x)g(x)] “product rule”
fert {first times derivative of the second, plus
add and subtract a specific term in the middle... second times derivative ofthe first)
f(x+ K)g{x+h)~f(x+h)g (x)+ Flxen)g(x)-r{x)e(x)
;actar each pair....
f(x+ h)(g(x+ k)~ g(x))+ g(x)(f(x+ h)~ f(x))
hmw

i EHANEG R s(x))w(x)(f(mo -/ ()
B30 A

ggg_;f(mh}(g(“h)“g(x)hﬁmg(x}(f (x-+hsz ()

fim f (x+ h)i:m (g(x+ h) g(x)) + %i&g(x)%} (S h}): f (“’))

f(x)g (x)+g(x)S '(*)
N - What I8 the derivative of the c;uotiei;lt of two functions? "532[2 g;]
proof . property ! ruie
,gg[f(x ]m g[f(x)] g/ (9)-7(3)g ()
| g(x) ac| g(x) [e()]
[f (x ”‘h):‘ [ﬂﬂ]  "guotlent rule”
im g{x+h)| | glx) {low o~ hlg!; mié:xssgi?; gdi)ow divided
f(x+h)g(x) ~ f(x)g(x+h)
"‘-W hg (x) g(x+ h)
Jactor each pair...
(x)(f (x+1)=f (3))+ 7 (2)(e(x)-g(+H))
: hg(x)g(x+ h)
tim (x)(f (x+m)-7(x)- S (N e(x +1)-g(x))
hg (x) g(x + h)
(U ErA=16)_ () (elxe )5 ()
il% g(x) g(x +h)
e ETDTCD._ o M8 () -
' lxm g(x)g(x+h)
A~ IR

s



Differentiate each function:

A f()=2e #.f(x)=2 #. f(x)=2x¢

!é’( V=3P £100=2{3%) | mx) - zﬂd%a"(lxi)!
— [ =5 -
1 aeed fr pridvet e
iAo A€t )
( oy =2(5:+ ¥
5 .3 .
#4. £ (=2 | | #5. ym% 75‘.@

7,021 "Z*ﬁ‘*’)(zxﬂ G R A A
| . M— L (154

' o ‘ #7. yxxz+4.x+3
#6. ym\fi(x_z:}x) : N Jx , i
‘ = T IS AR
ly'=k (e (@ g #{aned) - ™ Yert)
— r EF

e
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Shortcuts

L]
%[e*] e
414
2 [sin(3)]=cos(x)

d .
| Ex-[cos(x)]musm(x)

Examples

Properties
d d
g @)= ()]

AL ()-8 =2 [/ ()] 28]
LI )e@]=S W ()£ () 7'()

,ﬁ,,[f (*’)}mg (x) /" (x)~ f(x)g'(x)
dx| g(x) [g(x):i2

If fand g are the functions whose graphs are show, let

u(x)= f(x)g(x) and v(x)= f(x)/ g(x).

#8. Find u'(l),

#9. Find v'(5).

Y1

|
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i

-0

I

S N

#y =Ll gl 20l
4(1)=£0)9%0+90) £h)
= ()1 (D) = TR =)

B, vz geIE R -4ty

(g03]*
Vi(s) =7 Q*Wﬁ



~

Unit 2-4: The Chain Rule
The Chain Rule - Derivatives of a Composition of Functions

When a funciion can be defined as 2 composition of two ather funclions (one inside’ the other),
we have fo use the Chaln Rule when compuling the dervative,

#y=1(e()=e"  S(x)=¢ <L g(X)] F(g() ()

glx)=x"+3

(. (5% A derivative of the outside / -

G Ve X) Lo function {with inside just derivative of the
copied as is) inside function

This applies to any number of nested functions

‘The reason ihis Is called the chaln rule is that if you have many nested functions, you always

start with the outer most function, take its derivative, then mulltply by ('chain on') the derivative

of the inside, repeating untll you finally stop when the inslde funclion is an X

_ { £ / . sz.,:;: :ﬁ( 3 ))3

#2. y=In|sinje #¥3. y=sin |x +Tx) = ( Sin{x>4F%

= 2 3( sl o (P (P2 )
N sl )0 4'= 305 ‘
e %(2,)( s(eM)e” sx L

Shorfcut for derivative of logarithmic function
We can use the chain rule to develop a shostcut for derivative of a log function.
y=ln{x)
& mx
taking dervivative of each side . dre s\
(using chain rule onlefi) dx [ln (x)} -

dpyq_dp
o Ll e &

%[1030 (x)]= ;-1;1(5")"




4.

The extended {general} derivative shortcuts
With the chain rule we can make more general (extended) forms 9?' sach of our derivative shorfeuts:

——[x ] > -——[(s omething) }mn(samethmg)"“* d(something )

dx
#4. ym(x3+4x)“ Yy = 5’()<3'+‘Q<) {Bk‘z—i—-‘{)
%[sin (x)]=cos(x) = *if[ﬁiﬁ (something) | = cos (something)+ % (i"":’”'"g )

#5. y=sin(3x* +x) ¥ = cos (Buax) (bxir)

If fand g are the functions whose graphs are shown, let

u(x)= f(g(x)), v(x) "—*g(f'(x}), and w{x) ﬁg(g(x)).v

" Find each derivative, if it exists.

If it does not exist, explain why. Wl
#7. v'(1) i
( Y | X
4! (= £ G ) .’ .
W)=t %) ) Ha , vz ¢ (b)) ’ifx) #5 w fa) = 3 ' 7()()); )
>+ 5190 o vif= 9'/&(!)}?’[{) w'li) = 909 1)
m> Mymgil4) W= 46)10)
l m'((): "z onE - | t[o [ ){ %5
........ V() INE )
becaule 3 NE | ;W'(O" ‘zr

{W‘(@f‘fs&f ’




Unit 2-6: Implicit and Logarithmib Differentiation

lmplicit Differentiation: This procedure Js useful when we have an eguation which Is not easy fo
salve for v in terms of X. We use this procedure o take the derivative of sach ferm where it is in
the original equation first, then solve for the derivative at the end of the procedurs.

#1. P x4+ =5 Find the siope of the line tangent to this curve
royry atthe point (-1, 2)7

07 Fxdly)s g i+ A1) = 4 L7
34+ x (1 %} 44004 Byz"% =0

¥ % 430298 -~y

[u»&f') f%‘ = ~35"Y ;

| % - ‘_n?;(z ,'
1

K#ﬁy‘?}

. Fy+yx=2  Fnad
i 9 K0T 4710 +x - $5D
O () + 1) xCyFe) =0
SR T el
(xPeing) 4L =-2x97Y"

o 2] |
(i\i x=1xY




arishmie Differontiation: s useful when we have an equation which employs exponential

exprassnona or many factors multipedidivided. By faking the logarithm of both sides of the
equation, we can use log properties to simplify the expression before taking the dedvative.

k1
Logarithmic Differentiation is useful for something like:  yu (*+ 3"‘) ﬁf )
(zx" ~»4§c)
.o y: s x&x"wz;\zl
(ﬁ +3 x)" (st) Logarithmic Differentiation Procedure

Zx -4x

(x"‘*”‘)\'{‘i’x;? !
Ang = Aa [ Toxi—to

¥4 ay = aba( )e"#ax) {Ja (53 - 2da (33“(""%{5’}
D I

1} Take the natural logarithm of both sides of the equation.

2) Use log properties to simpHfy the equation,
3) Take the derivative of both sides of the equation.

dy
4} Solve algebraicaily for i
( 32‘3‘“ dx

oy

»gz’ma_ 1Kt —2{3x3-) Lx’*-ﬁ;x)\'( S“x%)

Ae- Zx’&ﬁx S 34 z&?w*m

Tzt

5x*$2x

#a, y=x
fny ?44 (X rx}{'z)\)
Ang = (042040 G 6

3_3;

Loy [ yxf}.tfba‘) < +£ab&) (lﬂg-&“l)

Va2t el (c25D
y & %x*’&b‘)

) [mm m(@{.mﬂzg > ﬂ B A %% ,%:?3 ¥
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Unit 2-6: More Trig, Inverse function and higher-order derivatives

Derivations of selected derivative shortcuts {rules}

What is the derivative of tangent? £ ()= tan (x)

proof shortcut

!

d
[t ()] %[m (®)]= Scc% (x)

_ d|sin{x)
=
_cos (x) gx [ sin (x)]-sin(x) :;x [oos(x)]
[eos(x)]
_ o5 (x)cos(x)~sin(x)(~sin(x))
[T
_ cos (x)+ sin® {x)

{cos (Jc)]Z
1
[cos (x)]2

=sec’ (x)

What is the derivative of cotangent?  f (x) = Cot (x)

proof shortcut

-:—;—{cot(x)]

%[cot (x)]=—csc*(x)

. d|cos(x)
- gx{ sin(x) ]
. sin(x) j; [cos(x)]—cos(x) :ilx [sin(x)]
[sin(x)]
_sin (x)(~sin{x))—cos(x)cos(x)
[ sin (x)]z
_ ~(sin* (x)+cos” (x))
[ sin (Jc)]z
1

B [sin (x)]2

=-os(3)




Derivations of selected derivative shortouts (rules)

What is the derivative of secant? £ ( x) = sec( x)

N proof shortcut

ﬁ[sec(x)] . -
:xﬁ [ 1 ] ;l;[sec(x)]-sec(x)tan(x)
dx] cos(x)

_cos () j;[l] -1 gcm [cos(x}]
{cas(x)]2
_cos(x) (0)-1{-sin(x))
[cos (x)]2
sin(x)

[eos(x)]"

cos(x) cos(x)
=sec(x)tan(x)

What is the derivative of cosecant? f (x) = csc(x)

proof shortcut

-‘jw[csc(x):i d
dc | —-d;[csc{x)] =-csc{x)cot(x)

di 1 |
. Hwsl
) sin(x)%[l]wle}«[sin(x)]
[sin(x)]
_sin(x)(0)-1 (cos(x))
!:sin(x)]2
_ =oos(x)
{sin{x)]z
R
ese{x) sin(x)

=—csex)cot(x)

We also need to know the derivatives of the inverse trig functions.
Here Is a ciever way we can derlve the derivative for the arcsin(x) function:

Find ', if y = arcsin(x). .
sin(y)=x 5 x
2 [sin(3)]= 51 e
cos( y)% =1
I U N
~ & cos(y) [J@i} Ji-2

..ihe other 5 inverse trig function derivatives are similarly derived...



doq dr. ;o | Cdr. . T M
w[{:]wﬁ — ﬁﬁ{X}NM{X‘} - i $ 1D - #E i
e ,;k[ :! gﬁ[m {?‘31 m e R (3*}] %
dr dy T il
a x”]m e w{m(x}]wwm{;)
Al J & : , 3 1 Y -
L Al | el
d 'g"’}mg“ E{m{x}}mww
& fd 1 d 1
PN N 15 Psee Y xy = B Tese™Hx) 1= g
d e = sec(x]]=sec(x)tan(x) g = [sec” ()] N [ese™( - )] N
&L 4T : b ”
g[m(x)]mMMx)m{x} : {rarely used)
de, o1
plel LI T
P - Memorize these!
dr, 4o - 1
aleel=5m

Also memorize the derivative properties/rules
gl e]
L1 1] @]+ Ele ()]

L1209 =515 Le (2]

constanis can move infout of derivatives

sum and difference rules

41 ()] =1 B)e 8076

.fi'{f(x)}m8(x}f’(x)"f(x)g'(r)
& | g(x) [e@T

should 2150 know... (tav(myiai% and sinz(x)-i'-oosz{x}m'l]

product rule

quotient rule

Higher-order Derivatives

Because the derivative of a function produces another funcﬁon, you can then take the derivative of that derivative function.
This is calied a second-derivative, and this process can repeat to creafe third or other higher.order derivatives.

Rotations
y=f{x)

fistgervatve Vs (XD %‘ %{f(x)}

ciiginal function

. " ‘:dzy d2 . P
sacond derivative. ¥, F7(x), e ﬁ{f (x)}

it gaevative 7, (), % j;%[f (x3]
tourth derivative 30, f9{x), % ‘—%{f =]

nth dervative 39, (), %gm, -g%[f (=¥}



‘There Is also a theorem about derivatives of inverse functions (sometimes needed on AP Exam)...
This theorem doesn't seem intuitive, but is easy to derive if you need it using the Chain Rule:

it f(x)and g(x) aré inverses of each other, then:  f ( g(x)) =X

Differentiate on both sides (Chain Rule on left): ;?;{ f(‘g( x))] = MJ;{ x]
f(g(=))g(x)=1

Solveforg'(xy.  &'(x) “m

If f (x) and g(x) are inverses of each other, then:  &'(x) mm

Examplies _
‘ 3 f ' <,
#1. 1 } == nd = f{x} and g{2)=1 _ )= 3x x|

ff(f‘) X +x a ,.g(x) ’ (=) (2 7'6&) = jkjl,)) £ () = 3
what is the value of g'(2)? gD=1

. . oy — sinx (=)
#2. Find f'(x)and f"(x):  f(x)= ljljoix +6= [%
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Examples

#3. Find the equation of the tangent line to the curve
~ y=x+cosx at (0,1)
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#4. Find y' for y= 1“(‘2 M) m%m‘m G)
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