AP Calc BC — Lesson Notes — Unit 2: Derivative-Evaluation

Unit 2-1: Limit Definition of Derivative

Concept of the Derivative - instantaneous rate of change

Precalculus is mainly concerned with the value of a function at PR
a given x: '

f(x) gives us the y-value at x.

But caleulus allows us to know how fast the value of a function
is changing at x (the 'instantaneous rate of change'):

f"(x) gives us the slope of the tangent line to the dlus
- curve at x (the instantaneous rate of change
of the curve at x)...and is called the
derivative of f(x) at x.
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Computing the derivative as the limit of a secant line slope
If you already know ahead of time which x value at which you want to

know the derivative, you can use a second, sometimes simpler, limit
structure to compute the numerical value of the derivative at that x.

We then take the limit to allow x to approach the value c:
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The result is a not a function of x, but a numerical value, the value of the derivative at that known x = c.

#1 Find f'(x) for f(x)=x*-x

_first_using f'(x):!,iﬂﬂw—_f(x]’ then plug into find 7(2)and f7(2)

.Now start over, using f'(c)= limM
A _x— c

usingc=2

When you are done, discuss and try the following:
« What does 7(2)tell you about /' (x)?
« What does 7’(2)tell you about f(x)?

» Sketch the function (use your calculator to get the graph).

= Find the equation of a tangent line to f(x)at x = 2 and add it to your sketch.



Does the derivative of a function always exist?

The derivative of a function has a potentially unigue value at every ¥ value In the function’s domaln, and It Is possible that for
some values of ¥, the derivative will not exist. The things that can cause a function's derivative not to exist at an X value are:

# [f the function is discontinuous at the x (the tangent line must have a point to attach to).

+ |f the function's curve shape abruptly changes directly at the ¥ insiead of moving smoothly through the x value.
» [fthe tangent line is perfectly vertical {slope is infinite, therefore not a number and DNE).

#2: Find the x-values for which the derivative does not exist.

\[}] X

Sketching a derivative curve from a function curve

If we are given the graph of a function, we can sketch an approximate function curve for the derivative function.
Remember that the value of the derivative equals the instantaneous rate of change (the 'slope’) of the original
function curve at that x-value.

#3. Given the graph of f(x), sketch the graph of f'(x)

Vi

#4. Given the graph of f(x)., sketch the graph of f'(x)
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When given a limit expression, it is sometimes helpful to be able to recognize that the limit is actually the limit
definition of the derivative for a particular function at a given x.

Each of the limits below represents the limit definition of a derivative of a particular function at a given x
Can you determine what the function is and the given x?

i _ 1
s, =L 26, Tim SoHE+
=0 h »ir y =371

#7. Find *(x) for f(x)=——, then find /(1) and (1)

0



Unit 2-2: Derivative 'Shortcuts’

We can evaluate a derivative of a given function at a generic x to get a 'shortcut’

The limit definition of the derivative is the official way to determine a derivative equation for a
given function, but it can be very time-consuming to compute. To accelerate finding derivatives

so that we can focus later on how derivatives are used, we employ 'derivative shortcuts' (not
an official term).

Derivations of selected derivative shortcuts

Derive the derivative shortcut for f (x) =c¢ wherec is any constant

proof shortcut

1 (e)= i G-I 4 1-0
[l
h—0 h

=1im0
h—0

=0

Derive the derivative shortcut for f (x)=x" where n is any real number

proof shortcut
T f(x+h)_f(x) i nol_ n—1
/()= lim = S5 ]=m
x+h) |- ()"
G @
59 h (binomial theorem)
- e
x"+m:"_lh+[n]x""2h2+ n)x""h’...+{ " ]x’h"’l+h"]—[(x)n]
| 2 3 n-1
h—>0 h
%
nx"-lh+[”)x=-3h2+ " x"-w...+[ g ]xlh"“+h"
"~ lim 2 3 n—1
h—0 h
h'nx“{ Jx"-=h+{'3’]x"-’h2.._+[ ]x‘h“‘2+h"‘1}
= hm $
h—0 h
G n-1 n-1 n n-33.2 n 17.n-2 n-1
:hm[nx +[ )x h+{ Jx h --+( )xh +h )
h—0 3 n—
n-1



Derivations of selected derivative shortcuts

Derive the derivative shortcut for [ (x) =e

proof shortcut

1 1
iti -e=l h ~ h
definitionof e: e Ealﬂ(l-i- h)k means that for small h, e (1 + h)

therefore,e" ~1+h Substituting this...

Derive the derivative shortcut for f(x) =sin (x)

proof shortcut

, o f(x+h)—f(x)
£ ()= tim LRV )

dr.
E[sm(x}] =cos(x)

- [sin(x+#)]-[sin(x)]
h—0 h
trig identity : sin(u+ v) =sin (u)cos (v)+ cos (u)sin(v)

Substituting this...
i [sin(x)cos (h)+ cos(x)sin(h)] —[sin (x):l
h—»0 h
tm sin (x)cos(h)sin}fx)Jr cos(x)sin(A)
sin (x}(cos (#)- 1) +cos(x)sin (k)
) h

" sin (x)(cos (h)— l) +lim cos (x)sin (h)

h—0 h h—0 h

The functions not containing h can be moved outside the limits...

h)-1 i
=sin(x)limM+cos(x)limsm—(h)
h—0 h h>0 |
h)-1 i
Special trig limits : Eﬂ%: 0, lj_xg—smh(h) =1...

=sin (x)[O] + cos (x) [1]

=cos(x)



Derivations of selected derivative properties / 'rules’

dr .
What is the derivative of a constant times a function? E[Cj (x}:l

proof property / rule
B rerls lmM dr. _.d
Lo ()] il @]=e2 /()]

"constant multiple rule"

L) L)
h>0 h

_iim c(f(x + h) - f(x))
0 h
=clim——f(x+h)_f(x)
0 h

~(x)

What is the derivative of the sum of two different functions? i[f{x) +g (x)]
dx

roof

d - :
415 ()+2()]

property / rule

21 (5o 8 (6)] -2 ()]0 L)

LR

h

S | S (x+h)+g(x+h)|-[ f(x)+g(x)]

f(x+h]+g(x|h} f(x)-g(x)

;.._..

h

mf(x+ﬁ]—f[x]+g(x+h)—g{x}

sl h
=lim

b0 h k-0

d d
=/ @]+ 2 2()]

List of derivative shortcuts (so far) that you must memorize

2 e]=0

%[x"] =nx"" "power rule”

Examples

Find the derivatives of the given functions.

#1. f(x)=x°

f(x+h)—f(x) S g(x+h)—g(x)
h

#2. f(x)-

x% #3.g(1)=

"sum rule"

List of derivative properties / rules (so far) that you must memorize

%I:Cf(x)] = c%[f(x)] "constant multiple rule"
TV EIRE I N0 R

d d d i i
E[f(x)_g(xﬂ:E[f(x)]_g[g(x)] difference rule

(The sum and difference rules are what allow us to take derivatives of
each term separately in a function with multiple terms...each terms is
being treated as a separate function.)

2
"



Examples

Find the derivatives of the given functions.

#4. f(x)=3x"+4e" +7 #5. g(x)=

it 3%

2x

#6. For what values ?fa and b_is ll‘;c line 2x ty: b #7. Find a cubic function y = ax’ + bx® + cx +d whose graph
tangent to the parabola y = ax” when x =27 has horizontal tangents at the points (-2, 6) and (2, 0).



Unit 2-3: Derivative Product and Quotient Rules

Derivations of selected derivative properties (rules)

What is the derivative of the product of two functions? %I:f (x)g(x)J

proof roperty / rule

d
Z[r(z()]- 1 (x)e(®)]=1 (x)g () +£(x)/(x)
Lim[f (z+4)s (“’;)]_[f (x)2(x)] "product rule"

e (first times derivative of the second, plus
add and subtract a specific term in the middle... second times derivative of the first)
Iimf(x+h)g(x+h]—f{x+h)g(x)+f(x+h)g(x]—f(x)g(x)
k0 h
Jfactor each pair...

lim f(x+h)(g(x+h) g(x)]+g(x (f(x+h) f(x)]
h-20 h
hmf(x +h)(g(x+ h) g x) + g(x ( (x+ h) (x)]
h—0 h

(f(x+k)~f(x))

h

Li_]:’%f(x+h)(g(x+h) g(x) +limg (x

i )iy S8 gy L 1))
f(x)& (x)+&(x) /" (x)
What is the derivative of the quotient of two functions? %[;g”
proof roperty / rule
2|24 T SCE (s
dr| g(x) g(x) [g(x)T
|:f(x+h):|_|:f(x):| . "qu?tient.rule" N
im g(x+ ")h g(x) e g g i
im L G+ h)g(x) -/ (x)g(x+h)
h0 hg(x)g(x+h)
Jactor each pair...
lim S g(x)(f(x+h)—1(x))+ 1 (x)(g(x)-g(x+h))
fiett hg (x)g(x—i— h)
£ () (5 ) S () S () e+ ) 8(x)
”"" hg(x)g(x+h)
; g(x)w I(x )M
o Z(D)e(x+7)
(x)bﬂ((m’w f(x)l‘l_l’lg((m;w
lkir_gg(x)g(x+ h)

g(x) /" (x)-S(x)g'(x)
[e()]




Differentiate each function:

#1. f(x)=x'e" #2. f(x)=2x° #3. f(x)=2x%"
H2x5 =x? B \/_,_5_1
#4. f(x)= 1+ 3% #. y_\/.v_c+1
#7 =Jc2+4x+3

#6. y=x (x? —2x) YT



Shortcuts
d

—_— = 0
puld

]

dr.
E[sm(x}] =cos(x)

%[cos (x)]=-sin(x)

Examples

Properties

Lo ()] =] £ ()]
L) 8()]= L]+ (2]
%[f(x)—g(x]] :%[f(x)]—%[g(x)]

L1 6)e(] =7 (e =)+ () ()

i[f(x)]:g(x)f'(x)—f(x)g'(x)
dx| g (x) ]:g(x)]z

If fand g are the functions whose graphs are show, let

u(x)= f(x)g(x) and v(x) = f(x)/g(x).

#8. Find u'(l)_ y
"\.‘ o
Z
#9. Find \?'(5). . P g
1 7 .
"""'"-..=___ / >
0 X




Unit 2-4: The Chain Rule

The Chain Rule - Derivatives of a Composition of Functions

When a function can be defined as a composition of two other functions (one 'inside’ the other),
we have fo use the Chain Rule when computing the derivative.

#y=1(g()=¢"  f(x)=¢ %[f (8(x)]=r"(s(x)2'(x)

g(x)=x+3 f
/‘/ ]

derivative of the oulside o
function (with inside just derivative of the
copied as is) inside function

This applies to any number of nested functions

The reason this is called the chain rule is that if you have many nested functions, you always
start with the outer most function, take its derivative, then mulitply by ('chain on') the derivative
of the inside, repeating until you finally stop when the inside function is an x:

#2. y=ln(sin(e’s)) #3. y=sin3(x3+7x)

Shortcut for derivative of logarithmic function

We can use the chain rule to develop a shortcut for denvative of a log function.

y=In(x)
ef=x
taking derivative of each side d

o 2 [in(x)]-
(using chain rule on lefi) dx

o151

e’%[y]:l E[]Ggh (x)}: xIn(b)




The extended (general) derivative shortcuts

With the chain rule we can make more general (extended) forms of each of our derivative shortcuts:

A Yemet = L (something) |- n(something) - Lo e)

dx
#4, y= (x" + -43:)5 Y=
%[sin(x)] =cos(x) = "%[Sin (something )] = cos (something ) - ___d(m”:hj"g]

#5. y =sin (L’vx2 + x) Yy =

[f fand g are the functions whose graphs are shown, let

u(x)=7(2(x)), v(x)=g(£(x)), and w(x)=g(g(x))

Find each denivative, 1f it exists.

If it does not exist, explain why.

#6. u'(1) f

#7. v'(1)

[

#8. w'(1)




Unit 2-5: Implicit and Logarithmic Differentiation

Implicit Differentiation: This procedure is useful when we have an equation which is not easy to
solve for y in terms of x. We use this procedure to take the derivative of each term where itis in
the original equation first, then solve for the derivative at the end of the procedure.

#. C+xv+vi =5 Find the slope of the line tangent to this curve
T at the point (-1, 2)?

)
#2. xzy -+ yzx =2 Find 2

dx



Logarithmic Differentiation: |s useful when we have an equation which employs exponential
expressions or many factors multiplied/divided. By taking the logarithm of both sides of the
equation, we can use log properties to simplify the expression before taking the dernivative.

2 Vg3
Logarithmic Differentiation is useful for something like: i {x +3"] (5“ )
(2:4 —4x)-
_.or: y =y F e
( x4 3x)4 (5 x3) Logarithmic Differentiation Procedure
#3. y= .
(Zx - 4x) 1) Take the natural logarithm of both sides of the equation.
2) Use log properties to simplify the equation.
3) Take the derivative of both sides of the equation.
4) Solve algebraically for ﬁ
dx
)
553425 #5. y=x"

#4. y=x



Unit 2-6: More Trig, Inverse function and higher-order derivatives

Derivations of selected derivative shortcuts (rules)

What is the derivative of tangent? f(x) =tan (x)

roof shortcut

d
E[m(x)] %[tan(x)]zsecz(x)

cos(x) :x[sin (x)] —sin(x) ;i [cos(x)]
[oos (x):r

_ cos (x)cos(x)—sin (x](—sin (x))

[cos(x)]

_ cos” (x)+sin*(x)

[COS(X)T
IS
|:cs:!s(x):|2

=sec’ (x)

What is the derivative of cotangent?  f (x) = Cot(x)

proof shortcut

d
—[cot (x)]
o %[cot(x)] =—csc? (x)

_d | cos(x)
26
B sin (x) jx [ cos(x)]—cos(x) ::x [ sin(x)]
[sn ()T
_sin (x)(~sin (x))—cos(x)cos(x)
[sin(x)]
_ -(sin2 (x)+cos® (x))
[sin (x):[z
-1

@7

=—csc’(x)




Derivations of selected derivative shortcuts (rules)

What is the derivative of secant? f(x) = sec(x)

roof shortcut

%[see[x}] =sec(x)tan (x)

d
a[scc(x)]

_d)]_1
- dx{cos(x)}
: cos(x)%[l]—] ‘%[cos(x)]

[COS (I)]2

What is the derivative of cosecant? f(x) =CsC (x)

proof shortcut

% [csc (x)] =—csc(x)cot(x)

d
E[csc(x)]

i{;]
dx | sin(x)
_ sin(x) ;; [1]-1 :x[sin(x)]
[sin(x)]
_ sin(x)(())fl(cos (x))
[sin()c)]1
_ —cos(x)
|:sin(x)]2

I cos(x

—

csc(x) sin (x)

=— csc(x)cet (x]

We also need to know the derivatives of the inverse trig functions.
Here is a clever way we can derive the derivative for the arcsin(x) function:

Find ¥'. if y = arcsin(x).

sin(y)=x 5 x
2 [sin(y)]=<[] —
oos(y)%zl
d_ 1 1 |
ds cos(y) {ﬁ} N

1

...the other 5 inverse trig function derivatives are similarly derived...



d A, dr. 1 E |
—[c]=0 —| sin(x) |=cos(x) —|sin(x)|= i —|cos(x)
# a4 Ol gl
1
i[x” = -g-_l:cm[x)}zhsini.\'} i
* At (]2 = | Lot (x)]=—%
d[mu]]—sa::’n} +x i 1 1+x
71 TR |
‘ It 1 Lfsee ()] 9 feset ()] =]
i gl gl (= ge gl EN
E[a]qﬂn{a} P
3 %[m[,{]]z_mi x)cot( ) (rarely used)
& fn(x)]- d |
' #L)]-e) Memorize these!
d -
=—11 xll=
rfx[ogb{'ﬂ-" xln(5)
Also memorize the derivative properties/rules
%[cf (x]]=c§[f(x)] constants can move in/out of derivatives

L)+ ()] - 5L ()] g (x)]

d d d
/@@= )]-Zls()]

sum and difference rules

d

[ (Me)]=r(x)g () +&(x) 1 (x) product rule
i[ﬁ} g(x) /' (x) -/ (x)&'(x) quotient rule
| g(x) [g(x)]

= 3n(x) P ) e (W)=
should also know.. [tan(x] il and sin®(x)+cos’(x)= IJ
Higher-order Derivatives

Because the derivative of a function produces another function, you can then take the denvative of that derivative function.
This is called a second-derivative, and this process can repeat to create third or other higher-order derivatives.

Notations
original function y:f(x)
d
tirst derivative V> (%) ‘%- E[f (x)]
i d’y e
second derivative ¥, /"(x), s F[f(x)]
third derivative ~ ¥",  f™(x), %y %[f(x}]
d'y

fourth derivative y[‘), fm(x),

dl
e F[f (*)]

n-th derivative 0", j{"]{r), L %[f (I)]




There is also a theorem about derivatives of inverse functions (sometimes needed on AP Exam)...

This theorem doesn't seem intuitive, but is easy to derive if you need it using the Chain Rule:

If f(x)and g(x) are inverses of each other, then: _,I"(g(x)) =x

. ; . . .od d
Differentiate on both sides (Chain Rule on left): E[f(g(x])] = x]

&
f'(g(x)) g'(x)=1

Solve forg'(x):  g'(x)= m

If f(x) and g(x) are inverses of each other, then: g'(x)=-—f'(gl(x))

Examples

#1.If f(x)=x"+x and g(x)=f"(x) and g(2)=1
what is the value of g'(2)?

#2. Find f'(x)and f(x):  f(x)=—2X

14+cosx



Examples

#3. Find the equation of the tangent line to the curve

y=x+cosx at (0,1)

i 1 {
#4. Find v for v=In(1* +4)——arctan| —
y' for y=Mn(£’ +4) : (2)



