FRQ #1b (Calculator) — Riemann Sums, Mean/Intermediate Value Theorems, derivative rules, average value of a function

AP® Calculus BC 2023 Free-Response Questions

t
(seconds)

f(1)

(gallons per second)

0 60 90 120 | 135 | 150

0 0.1 [ 015 ]| 0.1 | 0.05 0

1. A customer at a gas station is pumping gasoline into a gas tank. The rate of flow of gasoline is modeled by a
differentiable function f, where f(t) is measured in gallons per second and ¢ is measured in seconds since
pumping began. Selected values of f(r) are given in the table.

135
(a) Using correct units, interpret the meaning of J;O f(#) dt in the context of the problem. Use a right

Riemann sum with the three subintervals [60, 90], [90, 120], and [120, 135] to approximate the value of

135
I f(1) dt.

60

(b) Must there exist a value of ¢, for 60 < ¢ < 120, such that f’(c) = 0 ? Justify your answer.
t t 5
(c) The rate of flow of gasoline, in gallons per second, can also be modeled by g() = SE] cosl[m] ] for
0 <t £ 150. Using this model, find the average rate of flow of gasoline over the time interval 0 < ¢t < 150.

Show the setup for your calculations.

(d) Using the model g defined in part (c), find the value of g’(140). Interpret the meaning of your answer in
the context of the problem.



FRQ #1c (NO Calculator) — Riemann Sums, related rates, Mean/Intermediate Value Theorems, average vs instantaneous
rate of change

AP® Calculus BC 2022 Free-Response Questions

t
(days) 0 3 7 10 12
I —6.1|-50|-44|-38]|-35
(centimeters per day)

4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(t) is
measured in centimeters and ¢ is measured in days. The table above gives selected values of r’(t), the rate of
change of the radius, over the time interval 0 < ¢ < 12.

(a) Approximate r”(8.5) using the average rate of change of r* over the interval 7 < ¢ < 10. Show the
computations that lead to your answer, and indicate units of measure.

(b) Isthere atime ¢, 0 <t < 3, for which r’(t) = —6 ? Justify your answer.

(c) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

Ilzr'(t) dr.

0

(d) The height of the cone decreases at a rate of 2 centimeters per day. At time ¢ = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢t = 3 days. (The volume V of a cone with radius r

|
and height h is V = Enrzh.)



FRQ #1d (NO Calculator) — Riemann Sums, related rates, average vs instantaneous rate of change

2018 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

!

(years) 2 3 5 7 10

H(1)
(meters) 1.5 2 6 11 15

4. The height of a tree at time 7 is given by a twice-differentiable function H, where H(t) is measured in meters
and ¢ is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the
context of the problem.

(b) Explain why there must be at least one time 1, for 2 < t < 10, such that H'(t) = 2.

(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = % , where
x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the
base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of
change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall?



FRQ #1e (Calculator) — Riemann Sums, Mean/Intermediate Value Theorems, average vs instantaneous rate of change,
net change theorem, f'(x) applications

2016 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

t
(hours)
R(1)
(liters / hour)

0 1 3 6 8

1340 1190 950 740 700

1. Water is pumped into a tank at a rate modeled by W(t) = 2000e™" [0 liters per hour for 0 <7 < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per hour, where R is

differentiable and decreasing on 0 < ¢ < 8. Selected values of R(r) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.



FRQ #1f (NO Calculator) — Riemann Sums, 1-D position/velocity/acceleration, average value of a function, average vs
instantaneous rate of change, net change theorem

2015 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part B

Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

t
) 0 12 20 24 40
(minutes)

v(1)

(meters per minute)

0 200 240 | <220 | 150

3. Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(t), where ¢ is measured in minutes and v(r) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v'(16).

40
(b) Using correct units, explain the meaning of the definite integral Jo |v(7)| dt in the context of the problem.

Approximate the value of J(:Ol v(¢)| dr using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For 0 < 7 < 10, Bob’s velocity is modeled by
B(1) = 1 — 61> + 300, where ¢ is measured in minutes and B(f) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (¢), find Bob’s average velocity during the interval 0 < ¢ < 10.



FRQ #1g (NO Calculator) — Riemann Sums, Euler’s method, tangent lines, Taylor polynomials, net change theorem

2012 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

X

1.1

1.2

1.3

1.4

f'(x)

10

12

13

14.5

4. The function f is twice differentiable for x > 0 with f(1) = 15 and f”(1) = 20. Values of f’, the derivative of
£, are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f(1.4).
(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to
1.4 1.4
approximate -[1 f’(x) dx. Use the approximation for Il f’(x) dx to estimate the value of f(1.4). Show

the computations that lead to your answer.

(c) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(1.4). Show the
computations that lead to your answer.

(d) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to approximate

f(1.4).




FRQ #1h (Calculator) — Riemann Sums, average value of a function, average vs instantaneous rate of change, net change
theorem

2011 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

t
(minutes)

H(r)
(degrees Celsius)

O12 59|10

66 | 60 | 52| 44 | 43

2. Asa pot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 <t < 10, where
time ¢ is measured in minutes and temperature H(r) is measured in degrees Celsius. Values of H(r) at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
t = 3.5. Show the computations that lead to your answer.

10
(b) Using correct units, explain the meaning of % h H(t) dt in the context of this problem. Use a trapezoidal

10
sum with the four subintervals indicated by the table to estimate %Jo H(t) dt.

10
(c) Evaluate Jo H’(t) dt. Using correct units, explain the meaning of the expression in the context of this
problem.

(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that

B'(t) = —13.84¢ "7 Using the given models, at time ¢ = 10, how much cooler are the biscuits than
the tea?



FRQ #1i (Calculator) — Riemann Sums, average value of a function, average vs instantaneous rate of change, net change
theorem, f'(x) applications

2010 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

t
(hours) 0 2 5 4 8
E(1)
(hundredsof | O -+ 13 21 23
entries)

2. A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (1 = 0) and 8 P.M. (7 = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function E for 0 < r < 8. Values of E(t), in hundreds of entries, at various times ¢ are shown in
the table above.

(a) Use the data in the table to approximate the rate, in hundreds of entries per hour, at which entries were being
deposited at time ¢ = 6. Show the computations that lead to your answer.

8
(b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of %J‘o E(t) dt.
8
Using correct units, explain the meaning of %J‘o E(r) dt in terms of the number of entries.

(c) At8P.M., volunteers began to process the entries. They processed the entries at a rate modeled by the
function P, where P(r) = 1 — 30t + 298¢ — 976 hundreds of entries per hour for 8 < r < 12. According
to the model, how many entries had not yet been processed by midnight (r = 12)?

(d) According to the model from part (c¢), at what time were the entries being processed most quickly? Justify
your answer.



FRQ #1J (NO Calculator) — Riemann Sums, Mean/Intermediate Value Theorem, related rates, average vs instantaneous
rate of change

2014 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

t
. 0 2 5 8 12
(minutes)
va(1)
0 100 40 -120 | -150
(meters / minute)

4. Train A runs back and forth on an east-west section of railroad track. Train A’s velocity, measured in meters
per minute, is given by a differentiable function v, (¢), where time 7 is measured in minutes. Selected values for

v, (1) are given in the table above.
(a) Find the average acceleration of train A over the interval 2 <t < 8.

(b) Do the data in the table support the conclusion that train A’s velocity is =100 meters per minute at some
time ¢t with 5 <t < 8 ? Give a reason for your answer.

(c) Attime ¢ = 2, train A’s position is 300 meters east of the Origin Station, and the train is moving to the east.
Write an expression involving an integral that gives the position of train A, in meters from the Origin
Station, at time ¢t = 12. Use a trapezoidal sum with three subintervals indicated by the table to approximate
the position of the train at time = 12.

(d) A second train, train B, travels north from the Origin Station. At time ¢ the velocity of train B is given by
vg(t) = =5t> + 601 + 25, and at time ¢ = 2 the train is 400 meters north of the station. Find the rate, in
meters per minute, at which the distance between train A and train B is changing at time ¢ = 2.



FRQ #1k (NO Calculator) — Riemann Sums, Mean/Intermediate Value Theorems, average vs instantaneous rate of
change, derivative rules, f'(x) applications

2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION I, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

R ol 1| 23|45 ]°6
(minutes)
C() 0 | 53|88 |112]|128]|138]145
(ounces)

3. Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time t, 0 <t <6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(r), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthere atime 1, 2 <t < 4, at which C’(¢) = 2 ? Justify your answer.

(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
the value of %I:C(t) dt. Using correct units, explain the meaning of %J::C(r) dt in the context of the
problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(r) = 16 — 16¢%%". Using this model, find the
rate at which the amount of coffee in the cup is changing when t = 5.



FRQ #1L (Calculator) — Riemann Sums, average value of a function, average vs instantaneous rate of change, net change
theorem

2012 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part A

Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

t (minutes) 0 4 9 IS 20
W(t) (degrees Fahrenheit) | 55.0 57.1 61.8 67.9 71.0

1. The temperature of water in a tub at time 7 is modeled by a strictly increasing, twice-differentiable function W,
where W(r) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W(t) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.
2.4

20 20
(b) Use the data in the table to evaluate -[0 W’(t) dt. Using correct units, interpret the meaning of -[0 W'(t) dt

in the context of this problem.

20
(c) For 0 <1 < 20, the average temperature of the water in the tub is %Io W(t) dt. Use a left Riemann sum

1 (20 .
=~ | WI(t) dt. Does this
20Jo ®)
approximation overestimate or underestimate the average temperature of the water over these 20 minutes?
Explain your reasoning.

with the four subintervals indicated by the data in the table to approximate

(d) For 20 <t < 25, the function W that models the water temperature has first derivative given by
W’(t) = 0.4v1 cos(0.061). Based on the model, what is the temperature of the water at time 7 = 25 ?



