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Question 3

The function f is defined on the closed interval [-5, 4]. The graph
of f consists of three line segments and is shown in the figure above.

Let g be the function defined by g(x) = J'_J; f(2) at.

(a) Find g(3).

(b) On what open intervals contained in —5 < x < 4 is the graph
of g both increasing and concave down? Give a reason for your

answer. +
(s~
(¢) The function & is defined by A(x) = %. Find #'(3). .
(d) The function p is defined by p(x) = f (x2 - x). Find the slope Graph of f
of the line tangent to the graph of p at the point where x = —1.
3
(a) g(3)=j3f(:)dt=6+4—1=9 1 : answer
® g'(x)=f(x) 5. 1 : answer
" | 1:reason
The graph of g is increasing and concave down on the
intervals —5 < x < =3 and 0 < x < 2 because g' = f is
positive and decreasing on these intervals.
r . 5 f o
(C) hr(x) — ng (x) 2g(x)5 — xg (x) zsg(x) 3 . 2 . hl(x)
(5x) 25% " | 1:answer
5 '(3) -
() = DOLC) -5506)
25-3
_15(=2)-509) _ =75 _ 1
- 225 225 3
@ p'(x)= f’(xz e X)(Zx -1) 3 {2 : p'(x)
" | 1:answer

p(-D)=r2)(=3)=(=2)(-3)=6
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Question 4

Consider the differential equation % =2x-y.

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.
2

(b) Find % in terms of x and y. Determine the concavity of all solution curves for the given differential
X

equation in Quadrant II. Give a reason for your answer.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(2) = 3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and b for which y = mx + b is a solution to the differential equation.

(ay ¥ [ 1:slopes where x = 0
| 1:slopes where x =1
2\\ p—
) N
o
W /
dzy _ dy _ ) dzy

1 : concave up with reason
In Quadrant I, x <0 and ¥y >0, s0 2—-2x+y > 0.

Therefore, all solution curves are concave up in Quadrant II.

(c) b =2(2)-3=1#0 1 : considers %
Al »)=(2,3) 2: *lex 2)=(2,3)
Therefore, f has neither a relative minimum nor a relative | 1 : conclusion with justification

maximum at x = 2.

= dr A - .4 -
(d y=mx+b = dx—dx(mx+b)—m N l.dx(mx-l-b)—m

2x—y=m ] 1:2x—y=m

2x—(mx+b)=m | 1:answer

(2-m)x—(m+b)=0
2-m=0=>m=2
b=-m = b=-2

Therefore, m = 2 and b = 2.
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Question 2

T )
@ 5[ (r(6)) d6 =3.534292 . [ 1:integral
" | 1:answer
The area of S is 3.534.

1 r .
=1. 1 : integral
(0) —— jﬂ #(6) d6 = 1.579933 . { integra
1 : answer
The average distance from the origin to a point on the curve
r = (@) for 0 <8 <x is 1.580 (or 1.579).
(c) tan@ = % =m = f=tan"'m 1 : equates polar areas
{ rtanlm 1017 1 : inverse trigonometric function
5.[0 (’”(9))2 dg = 5[3_[0 (”(9))2 dB) 3: applied to m as limit of

integration
1 : equation

(d) As k — oo, the circle » = kcosé@ grows to enclose all points to [ 1: limits of integration
the right of the y -axis. " | 1: answer with integral

lim A(k) = %j:/ *(r(0)) a0

k—o0
_ %j;lz(f’a@sin(ﬁz))z d6 = 3324
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Question 6

The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

It is known that /(1) =1, f'(1) = —=

é, and the nth derivative of f at x =1 is given by

Fma) = (—l)"&g’iﬂ for n > 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for /" about x = 1.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x =1 can be used to represent f(1.2) as an alternating series. Use the first
three nonzero terms of the alternating series to approximate f(1.2).

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).

@ FO)=1 S =2 fW)=25 /" 0=-% 1+ first two terms
1 q 2 1 e A 1 : third term
f@)=1=5 =D+ (=1’ == =1+ | 7] 1: fourth term
( 1 : general term
—1)” n
+t_2” » (x—=1)" +--
(b) R = 2. The scries converges on the interval (-1, 3). 5. 1 : identifies both endpoints
" | 1: analysis and interval of convergence
_ s 1,1 .1
When x = —1, the seriesis 1+ 1+ 5 + 3+Z+ .
Since the harmonic series diverges, this series diverges.
When %= % feseienis 1Tt -t il g,
’ 2 3 4
Since the alternating harmonic series converges, this series

converges.

Therefore, the interval of convergence is —1 < x < 3.

© f(12)=~1 _%(0.2) " %(0.2)2 —1-0.1+0.005=0905 | 1:approximation

(d) The series for f(1.2) alternates with terms that decrease in [ 1 :error form
magnitude to 0. " 1: analysis
-1 3 1
g < =
| F(12)-T1(1.2) < - .3(0.2) 3000 = 0.001
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